g;_'_ener/,o\_l___CovvaNen'f :

An ancf//ary statistic by [1self can
te)l us nothing aboyt & , but when
cambind with other statistics it
may 3/&/2 information about O,

Example & X = (X)5..) %) rid Unif(68+0)
We Know ( Xy, X)) is MSS. |
Any )= finction of a_ MsSS IS also MSs.
Therefore (X()))X(h)_)(ﬂ)) /s MSS.
we canysh drop X (py—X) wthaut”
/osin g info about 6.

But Xi— Xy S amci//ar)/./
Tt s an///qry because

Uniferm (6,0+) (s a lacation family, and
X=X IS a location invariant statste.




Comp Jete Stat/stic S

Suppwre X0fg, 6O,
.D@’Ffﬂ/‘ha}’) .
A statistie T =T(X) /s conz/p/efe if
Ee 3(T)=O for all &

7h’)]olfes v | foral
%(3(7 =Q0)= rall 6.

( Note! £ oAenotes e.xpecfa‘f'/'oh
c:om,ouﬁﬂ/ with respect 15 g.)

Example o X =(X,..., Xn) (1d /\//9)/),
T(X) = (X3 %) (s @ STotisTic which
/S QQ_:?" cgmyo/efa becaus<
E(X,~%2)= O Foral 6
N—r |
Function
of T

bod‘ P( ><,~—-><2::O> <% | forall &,

More 750/'ma//)/ D T /s not Com}o/ef‘e
because the function g(w) = «=Uz
(where w=(u,uy) €R*)

sat/sties



ES(T) = E(X}"’XQ__) =0 forall©
but P(g(T)=0)# | forall &,

Example & X =(X;y-.,Xn) jid

| Unitorm (6,6+) .
T=TX)= (min X; smaxX;) is a MSS.
But T is pol complete.
We Know S(X): qu)q-minx,i
/'S cmci//Or/ . Thus

E(VnaxXQ‘ ~—min)<1~ ) = C

A
does rwo‘f' oZQ/DQnOJ
on 6
Y (max XQ' *’V)’II'V)X/L"C) = O
~——— N —
3(_},) for all 6

buT c/ear/)/

P (max X; —min X; —=C =O)¢Z
Forall & .



Example : X=(X);0m,%n) i1d Uif(06).
T =TWX) = max X; = Xy 1S MSS.
T is also ComPIQ+e,-
Proof : Assume T g such Hhat
ES(T) =0 for all ©>0,

T has cdf H(#+) = (_‘g.)“, osts®O

pdf  hit)= KLﬂ;’)OS <06,

P O
Eg(T)= j g pt" "ot =0
O =

ey . g for all ©>0
’mf//es jo 3(f)ni'n dt = O YO>0
ymplies by a(fﬁ%mhﬁqﬁ}?j both sroles

and using +he ~Fund 77)»7 . 0’73
Caq/culusS

3(@)h@ﬂ_lz O VO>0
/mplies 3(‘6) =0 Vt>o0
ymplies  p(g(T)=0) =1 V >0,




Theorem .
Suppose Xiyeeny % 11 with pdf Comf)

£(x|0) = <@ h ) @cp{z W ©)t; )

'FOT - (et) 39K) & @

Let X= (KiyeeryXn) ~ Define

T(X) = (._%t,(xi)) ;:fz(x{>),..>§rck(x4))
1=\ 1= = .

Then
(ay TX) is sufficiernt statistic for 6.

. K
(b)* If @ confains an Open sel in R h
then T(X) is complefe.

* More precise)y) F
{(w (©), w,(©),... WK(Q)) . 96@}

cortains an open et in RK, then T(X) is
complete.



Remarks:

The statistic T'(X) in the Theorem is called the natural suffi-
cient statistic.

n=(m,...,n:) = (w1(0),...,w,(0)) is called the natural param-
eter of the exponential family.

Condition (b) is the “open set condition” (OSQC).

The OSC is easily verified by inspection.
Let A C RE.
A contains an open set in R¥ iff A contains a k-dimensional

ball. That is, 3z € R* and r > 0 such that B(z,r) C A.
Here B(x,r) denotes the ball of radius r about =.

Let ACR (take k=1).

A contains an open set in R iff A contains an interval.
That is, 3¢ < d such that (¢, d) C A.

Facts:
1. Under weak conditions which are almost always true a
complete sufficient statistic is also minimal.
Abbreviation: CSS = MSS.
(But MSS A CSS as we saw earlier.)

2. A one-to-one function of a CSS is also a CSS. (See later
remarks.)

(Reminder: A 1-1 function of an MSS is also an MSS.)



Example:
The N(0,1) family is a 1pef with w(0) =0, t(x) = =.
Let X = (X1,...,X,) iid N(0,1).
T(X)=>",X;is the natural SS. (It is a SS for any ©.)
Is T complete? That depends on ©.
e © =R: Yes. (OSC holds)
e © =1[.01,.02]: Yes. (OSC holds)

e © =(1,2)U{4,7}: Yes. (OSC holds)

e © =7 (the integers): OSC fails so Theorem says nothing.
But can show it is not complete.

e © = {1,1/2,1/3,1/4,...}: OSC fails so Theorem says
nothing. Yes or no? Don't know.

e © = Cantor Set: Ditto, but would bet money it is com-
plete.

e © = finite set: OSC fails so Theorem says nothing. But
can show it is not complete.

Remark: In general, it is typically true that if © is finite and
the support of T'=T'(X) is infinite, then T is not complete.



Example:

The N(u,0?) family with 0 = (i, 02) is a 2pef with
. po —1 . 2
w(0) = (;ﬁ) 1) = (2, 22).

Let X = (X1,...,X,) iid N(6,1).

T(X) = (Y0, X5, >, X?) is the natural SS. (It is a SS for
any ©.)

T(X) is a one-to-one function of U(X) = (z, s?).
So T is CSS iff U is CSS.

Is T (or U) complete? That depends on ©.
o ©; ={(u,0%):02>0}. OSC holds. Yes, complete.
o Oy = {(u,0°) : 0?2 = 03}. OSC fails. Thm says nothing.
No, not complete.

Proof: Eg(U) = E(s? —03) = 02 — 03 = 0 for all § € ©.

o ©3 = {(u,0?) : = po, 02> 0}. Ditto.
Proof: Eq(U) = E(x — po) = pu— po = 0 for all § € ©3.

o ©4={(u,0?) : p=020%>0}. Ditto.
Proof: Eq(U) = E(z — s°) = u— 02 =0 for all § € O,.



(Note: It is more natural to describe the families ©5, O3,
©4 as 1lpef’'s. If you do this, you get different natural
sufficient statistics, which turn out to be complete.)

Q5 = {(u,0?) : u? = 02,02 > 0}. Ditto.
Proof: homework.

©s = [1,3] x [4,6]. OSC holds. Yes, complete.
©7 =0sU{(5,1),(4,2)}. OSC holds. Yes, complete.

©g = complicated wavy curve. OSC fails. Thm says
nothing. (Probably complete, but hard to say.)



Coro“ar:)ii
S uppose Xé\Rm has éOinT ,Pd‘F (Pm)c)

K .
fx|o) = c(@)h(oc)exp{ i\wé(e)‘%(%)}
a:
for all x€ R

where & = (O1,...,6¢) € &) .

Define
Tx) = (6100, 1,000, .., TR (X))

Then

) T(X) s suﬁf{cieﬁf stat. for 8.

(b)% Tf & corifains an open set in lei
then TCR) is complete.

X More Precbe))/) ‘s,



Sufficiency
) If 36O TS sufficiedt , Fren TX) Ts suff,
@ & T 15 sufficient for @2 N

“then TOX) 1S sufficient tor @‘ _

Compleieness
(D) IF TXK) i3 Com?lﬁ-éj tHen SXK) 1S Compld’e,.,
@) IF TS Comp(d“e{m’ B, 3

then TOX) 15 Comio\@*é For @2‘
(urder mild requ arity corditions)

/\y\c‘(\‘ar?‘bi
O If TX) 5 anc"\l)ayy)‘rh@y\ SX) is anc]“ar/v&

@ F TOO s ancillary for @2)
then TXK) 13 ancillary for @, .




C omg\dehes 5

Proof of @ .
Ee 5(80(')) =0 Forall 6¢ @

= Ee S(WL/(TOQ)) =0 forall O€®

= PR3 QV(TX)=0F =1 V9
( by completeness or TX))

= R{qE00N=0f=1 V6.

Proof of @ <
Ee g (T = O foroll ©€ ®),

— E@S(TCX)) —0 Foral ©€ @l

= Pe(g("rw):O) for all © € ©),
(since T(X) 18 Campld’ﬂ 7'?01“ @|)

( under mildf aSSmmpﬁonS)



