Ihvarianca Pr:‘nciple for ML E’s

If ’}Z = T(0) and 6 is the MLE af@
+hen /)z—-"(@) is the MLE of 7].

Comments . I T(B) is o |- -Funcf‘zon +his
is a Trivial theorem,

If T(6) is WOT/ -1, tis is

essentially 1rue b oleFmition
of induced //ke/zhood’ (se2

) Ve Z

Example : é)xz)...)ﬁ iid N(u,0)
Y S
X o
The usual pamme:fers 6 = (/,()0'1) are

relod’ecf <o The m‘fuml Paramd‘ers
(o-fJ 20’2—) of e 210@6 by a

l-) funchion @ = T(o).

The likelihood in tecms o © is
L,©)= (2o Vo WA BT 2T

20> 2
where Ty=2=> X; . 'l: 574"{-—




Simple Example
\____V___/

X
I+ is known thal .
MLE of p /s p=X.
Thus N
(a)y MLE c)a(p2 's (p)°=
(b) MLE of p(i-p) is X(1=X)

The function of p iv (3) is [-),
but not (=1 in (b).

——

Definition of Induced __lzs'kelihooo( :

I 7= NO) , then ( ofepehd‘%m)
on X IS
L¥(n) = sup L(©) implicit
{o: r@)=m}

If the MLE 4:(\ of 7 is defined o be
“the value whieh mexinmizes L.*(OZ) —+hen
it is easily seen that 7 = 1(8).



The Iikelihood n Terms of 7] i's
Lz.(/)z) = (-1 %j n/:ié " Mfﬂzeﬂ, LT,
obtained by subsﬁfuﬁnj in L,(6)
4=, 5 o= 2,
“thal s, evaluqhnj L, at
(/"‘JOA‘) = ( Z7, 247 7 ) = ') .
S‘)‘dfed absTractly
(%) =L (T '%))
so that L, is quim‘:zed when
() = &, that is, by 7 = ™6 ).

it p——

The MLE of © is known Jo be > S

8 = (/&) Z}z) =( X, ..Lz(x{__;()z)
so the invariance principle says the
MLE of 7) i1s

7’[ '7/(9) = (O-z’ ;3_1) .



Coritinudlion of examplé :

what isthe MLE of o = u+o2?

= q(M02) = pt oz (not I-)
50 ﬁaf

&= g(pyo2) = Tt =R+ 38
what isthe MLE cnc/u? 0‘2?
with 9,(xy) =%, 31(7‘93): 9

we have
/A::ﬁ‘(@)
o> = G,(0)

so ‘H')C(“— ‘e MLEJS are
5= .8 =
O'l“j:z,(@) = 55/h .

Thus, Fhe invariance Principle, imp([es J

9{0-\2):(/;{0_1)

/1\
MLE of pair MLE of u



MLE  for Exﬁonevrﬁh/ Fomiljes

The inariance prin cz}o/e for Me £«
allows us 1o work' wih e ngtura)
/oaramefer N (which is a -] fupctipr

of 9).

lﬁef .
2(x]0) = cl®h@) @cp{ W(eJ-t@c)}
Natural fparam : 7N = W(6)

Fxln) = c)hx)exp: tx)}

ﬁ reqlly
L c*mn)= c(w 7))
r*e,a\l)/ ‘F*(%{Oz) = f(%/W"’(ﬁ))

If Xiyeey XN iid from JD(%/OZ)) +en
A@)= N log c@) + 1%_‘ log h(>’<\l,i)
+7 Z_t(X;)
1=)
T(X)



y o N
2'(m) = Né%logcm) ) 6

——N—
- E 't’(X,L)
by 3.32(2)
— N N
= _ E[;t(><,;)]+ th(X-)
1= =\
rv’s ObZeﬂ/eoa
Values

= - T(X)+ T(x)
X = (KiyeeXp) = Oo%ser\/epf

ata

x=(x‘)-u)><n): rqncg?rm
So thal e cond tion d a
poldt is 2gu valert -,Lf?r o S“fz‘l’/omy

BT =Tx) 27m) = 6
Note +hat uns'mﬁ ) )
L") =N 53—%2103 ()
= N(=Var, t(x)) <0
for all n |



Thus any iﬁfen‘or stafionary foo'm‘f
N ~1
nét on—the boundw)/
of @*={we):oe@}
s aod’omc{h'ca”y o 3lobal maeX imum
so long as &* s convex.

In one dimension ( @< R) , tis
mears @ ¥ must be an iferyal 0)0

some sort (can be fipite ).
Ianor'mj the fine print,
For a (pef) +he i03~|ikzlihood will

have @ unigue S‘Ta‘h' onary Po}ﬁ)’ which
will be e Q\LE.




kpef .
B) = c(ehx) S w-(e)t.(
fx18)= c exp{é____' 2 69@}

Natural gparam :

N=(Npyonr, M) = (W(e)) =, Wk 93)
el is, 479_ ;z(@)

Fxn)= C(W)h(x)expg_ﬁff‘]-t@c)}
> g c*
If X\).u) XN iid ‘me "F(%/W)J “Fhen
N
L@)= N log c()z)+2 log h ()

+§ t.
= 473(2 (2. ))

a% 577@60234-2% (%)

--(:tmL) N
“EZt(Xq; +Zt(9c)



A - N( 2
5”%% o7 6‘79
= N(- Cov('é’(xi) JL:Q(X,_'))

pm\/eﬂ case 4=f
in homework

103 Q(”D)



Thus, the equations for a stationary point

oY
— =0 for j3=1,...,k
on;
are equivalent to
E,Tj(X)="Ti(x) forj=1,...,k (1)

N N
where T;(X) = th(Xi) and Tj(x) = th(xz')
=1 =1

or in vector notation

E,T(X)=T(x) where
T(X)=(T1(X),...,T.(X)) and T(x) = (T1(x),...,Tp(x)) .

820 \"
The Hessian matrix H(n) = ( ) is given by

ONion; /) ; =1

H(n) = -NX(n)

where Y (n) is the k x k covariance matrix of

(T (X1),T2(X1),...,TL(X1)). A covariance matrix will be posi-
tive definite (except in degenerate cases), so that H(n) will be
negative definite for all 7.

Conclusion: An interior stationary point (i.e., a solution of (1))
must be the unique global maximum, and hence the MLE.

This result also holds in the original parameterization with (1)
restated as EyT;(X) =Tj(x), j=1,...,k.

Connection with MOM: For a 1pef with t(z) = z, MOM and
MLE agree. For a kpef with ¢;(z) =/, MOM and MLE agree.
Why? Because then () is equivalent to the equations for the
MOM estimator.



Revisiting Gamma Example:
The Gamma family is a 2pef (or a 1pef if a or 8 is held fixed).

Switching to the natural parameters n1 = a—1 and np, = -1/
(or just making the substitution A\ = 1/8) simplifies the second
derivatives w.r.t. 7> (or A\) and makes the sufficient condition
for a stationary point to be the global max hold.

The system of equations for the MLE of («,3) may be easily
derived directly from (1).



MLE’s for More General Exponential Families

Proposition: If X ~ Py, 0 € © where P, has a joint pdf (pmf)
from an n-variate k parameter exponential family (nvkpef):

k
f@|0) = c(@h(x)exp > w;(0)T;(x)

j=1
forz cR”, 0 c©® CRF,

then the MLE of 0 based on the observed data x is the solution
of the system of equations

ET;(X)=Tj(x) forj=1,...,k (Solve for 6)
providing this solution (call it 8) satisfies

w(f) € interior of {w(h) : 6 € O}.

Proof: Essentially the same as for the ordinary kpef.



| E)@Qg: Siwﬁ& Linegr R@jressfﬂ\n

) with Khown Variance
\({)Yg\)“v\(h {ndﬁpeﬂﬁaﬁ
7~ NOB+AX %2) , 6=(fyB).
Joint disth. of If—“ (\(,)Y%Wv\ﬁ,,)

forms exponentiod family -
Natural su ieien] stofistic 1S

() = %szxm)ﬂ
Bt =€ Y ,os)  has fe form
E(=Y:) = 2y
E(Z%%Y{ )25%,315(,1
Thus MLE @ = [/ég)//@,} 's sotion of
%’(ﬂoﬂ@»%&) == Y3

= 6B %)= T g



Sufficient Stafistics and MLE’s

If T =7(X) is a sufficientT stat.
for ©, “+then Here is an MLE which
's a function of T,

( If the MLE s u\nizue)‘\'\nen we can
say the MLE is a function of T.)

Proof : By FC,
£(x]0) = g(T®),8)h(x) .

Assume for convenience the MLE is unigne.
Then the MLE is

&(x) = argmax F(x[6)
6

= argmax 3(T(9¢))9)

©
which is Qlequy o function of Tx).



WLE comcides with !L@S’f* waes”
For mé&ﬁ@v&ﬁmt noprad  ry’s wﬂﬂ

censtonl \Variancg. Q*L
(knowi’) or C/)’)MWW//‘)

Y, ; \(9\5 N (nOsz&)@r‘cQW'f

\( N N( ﬁa*fg/ 2 3 >
or /%*@?C é
or {ézb olh/@ 0%

or  _fo
(—BrX

or (X,L }g)
J Li’; 69053)&07 vectors

L(ﬁs\/}fy = gl e)

S
(&) Ufgi\ ZO'L =
;{q j( 9@>}

Iy




For any 07y (Fied arbitay valut) ,
Maximizing \L (B>02) with regpect fo /g
<=> Minmizng i (Y: — 9%, 5532’
;};; rogpect 1o /é,?

o Q, /W_E &Mo’/ LoasT Chye s j/ug dNNe_

6579/??&?%@5 of~ /g f&;?mm@%m ]



