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Fix b > 1.
(a) If m,n,p,q are integers, n > 0, ¢ > 0, and r = m/n = p/q, prove
that
() = (1),
Hence it makes sense to define b = (b™)'/".
(b) Prove that "5 = b"b° if r and s are rational.

(c) If z is real, define B(x) to be the set of all numbers b', where ¢ is

rational and ¢ < z. Prove that
b" = sup B(r)

where r is rational. Hence it makes sense to define
b* = sup B(x)

for every real x.

(d) Prove that b**¥ = b*b¥ for all real x and y.



Proof: For (a): mgq = np since m/n = p/q. Thus v™ = b,
By Theorem 1.21 we know that (p™2)Y/(mn) — (prp)l/(mn) - that is,
(b)Y = (bP)V/a, that is, b" is well-defined.

For (b): Let r = m/n and s = p/q where m,n,p,q are integers, and
n > 0,q > 0. Hence (b+5)" = (pm/ntp/ayna — (plmatnp)/(na)yng —
pratne — pmapne = (pm/myna(pp/a)na = (pm/mpp/a)na By Theorem 1.21
we know that ((b%)"9)Y/(na) — ((pm/npp/a)na)l/(na) -~ that is b5 =
bm/mpP/a = b

For (¢): Note that b € B(r). For all b* € B(r) where t is rational and
t <r. Hence, b" = b'0""" > b'1" ! since b > 1 and r —t > 0. Hence b"
is an upper bound of B(r). Hence b" = sup B(r).

For (d): "¢ = sup B(x)sup B(y) > bl=blv = b= for all rational
t; < and t, < y. Note that t, +1t, < z +y and t, + ¢, is rational.
Therefore, sup B(z)sup B(y) is a upper bound of B(x + y), that is,
b“bY > sup B(z + y) = blz +y).

Conversely, we claim that b%b" = b**" if z € R' and r € Q. The

following is my proof.

V" = supB(z+7r)=sup{bt’: s <ax+rs€Q}
= sup{0* b :s—r<wxs—re@}
= Vsup{b " :s—r<umz,s—1€Q}
= b sup B(x)
= b

And we also claim that b*t¥ > b* if y > 0. The following is my proof:
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Bz)={t:r<z}c{t:r<z+y}=Blz+y),

Therefore,

Hence,

by =

v

v

Therefore,

sup B(x + y) > sup B(x), that is, b*T¥ > b*.

sup B(z +v)

sup{0" :r <z +y,r € Q}

sup{b°0" *:r<z+y,s<z,reQ,scq}

sup{sup B(z)b"* :r<z+y,s<x,reQ,scqQ}

sup B(x)sup{d"*:r<zx+y,s<z,reQ,seq}

sup B(z)sup{b" *:r—s<z+y—s,s<z,r—seQ}
sup B(z)sup B(z +y — s)

sup B(z) sup B(y)

b*vY

b* Y = brbY.
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