Sequences of Functions

Uniform convergence

9.1 Assume that f,, — f uniformly on S and that each f, is bounded on
S. Prove that {f,} is uniformly bounded on S.

Proof: Since f, — f uniformly on S, then given ¢ = 1, there exists a
positive integer ng such that as n > ng, we have

|fu(x) — f(2)| <1forall z €S. (*)
Hence, f (x) is bounded on S by the following

|f (2)] < |fno ()] +1 < M (ng) + 1 for all z € S.

(**)
where |f,, (x)] < M (ng) for all z € S.
Let |fi ()] < M (1), ..., |frg—1 ()] < M (nog—1) for all z € S, then by
(*) and (*%),

|fo (@) <1+ |f(2)] < M (ng)+ 2 for all n > nyg.
So,

|fu ()| < M for all x € S and for all n
where M = max (M (1),.... M (ng — 1), M (ng) + 2) .

Remark: (1) In the proof, we also shows that the limit function f is
bounded on S.

(2) There is another proof. We give it as a reference.

Proof: Since Since f,, — f uniformly on S, then given ¢ = 1, there exists
a positive integer ng such that as n > ngy, we have

|fo () = fogk ()| < 1forall z € Sand k=1,2,.
So, forall z € S, and k=1,2, ...

| frok (2)] <14 [frg ()] < M (no) +1

(*)
where | f,, (z)] < M
Let |f1 ()] < M

(ng) for all x € S.
(1) 4oy [frg—1 (z)] < M (ng — 1) for all x € S, then by
(*),

|fu ()| < M for all x € S and for all n
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where M = max (M (1), ..., M (ng — 1), M (ng) +1).
9.2 Define two sequences { f,} and {g,} as follows:

1
fn(x):x(l—l——) ifreR n=12,..,
n

(z) = % if x =0 or if x is irrational,
In \T) = b+ < if z is rational, say x = %, b > 0.
Let hy, (z) = fn (z) gn (x).
(a) Prove that both {f,,} and {g,} converges uniformly on every bounded

interval.

Proof: Note that it is clear that

lim f,(x) = f(z) ==, forallz € R

and

lim g, (z) = g (v) =

0 if x = 0 or if x is irrational,
n—oo

b if x is ratonal, say x = £,0 > 0.

In addition, in order to show that {f,} and {g,} converges uniformly
on every bounded interval, it suffices to consider the case of any compact
interval [—M, M], M > 0.

Given € > 0, there exists a positive integer N such that as n > N, we
have

M 1
— <cecand — <e.
n n
Hence, for this £, we have as n > N
M
o (2) — f (2)] = ‘f‘ <X Ccforallz e [—M, M|
n n
and 1
lgn (z) — g (2)] < = < e forall x € [-M, M].
n

That is, we have proved that {f,} and {g,} converges uniformly on every
bounded interval.

Remark: In the proof, we use the easy result directly from definition
of uniform convergence as follows. If f, — f uniformly on S, then f, — f
uniformly on T for every subset 7" of S.
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(b) Prove that h, (z) does not converges uniformly on any bounded in-
terval.

Proof: Write

e () z 1—|—%) if x =0 or x is irrational
" a4+ 2 (1414 L) if ¢ is rational, say x = ¢

Then

lim by, () = h(z) = 0 }f T = 0 or  is 1rrat10na£ll
n—00 a if z is rational, say x =

Hence, if h, (z) converges uniformly on any bounded interval I, then h,, (x)
converges uniformly on [c,d] C I. So, given € = max (|c|, |d]) > 0, there is a

positive integer N such that as n > N, we have

hn (z) — h (z)]
{ %1_|_ }_|m|‘1+1|1f1‘€Qc [Cd]OI"QS'—O
141 —|—bn)‘ freQ@nled, z=4%

max (|c|, |d]) >

which implies that (z € [c, d] NQ°orz =0)

2], max(|d], |d])

1
o (e ) > 2114 2] >
n n n n
which is absurb. So, h, () does not converges uniformly on any bounded
interval.
93 Assume that f,, — f uniformly on S, g, — f uniformly on S.
(a) Prove that f,, + g, — f + ¢ uniformly on S.

Proof: Since f, — f uniformly on S, and g, — f uniformly on S, then
given £ > 0, there is a positive integer N such that as n > N, we have

|fo () — f(2)] < % forallz € S

and .
Hence, for this €, we have as n > N,

[ (@) + gn () = [ (2) = g (@) < [fo (2) = [ (2)] + |gn () — g (2)]

<egforall z € S.



That is, f, + g» — f + g uniformly on S.

Remark: There is a similar result. We write it as follows. If f, — f
uniformly on S, then cf,, — ¢f uniformly on S for any real c. Since the proof
is easy, we omit the proof.

(b) Let hy, (x) = fu () gn(x), h(z) = f(z)g(x), if z € S. Exercise 9.2
shows that the assertion h,, — h uniformly on S is, in general, incorrect.
Prove that it is correct if each f, and each g, is bounded on S.

Proof: Since f,, — f uniformly on S and each f, is bounded on S, then
f is bounded on S by Remark (1) in the Exercise 9.1. In addition, since
gn — ¢ uniformly on S and each g, is bounded on S, then g, is uniformly
bounded on S by Exercise 9.1.

Say |f (z)| < My for all z € S, and |g,, (x)| < M, for all x and all n. Then
given € > 0, there exists a positive integer N such that as n > N, we have

|fn(£L‘)—f(ZL‘)| < m for alla:E S

and

€
— ——— for all
|9n () 9(3?)’<2(M1+1) orallz € S

which implies that as n > N, we have

o () = b ()| = [ [ () gn () = [ () g ()]
= [[fu (@) = [ (@)][gn ()] + [f ()] [gn () — g (2)]]
< |fu (@) = (@) gn (@) + |f ()] lgn (2) — g (2)]

15 g
< My + My————
2(My+1)" 2" T2 (M +1)
<€+8
2 "2

for all z € S. So, h,, — h uniformly on S.

9.4 Assume that f,, — f uniformly on S and suppose there is a constant
M > 0 such that |f, (z)] < M for all  in S and all n. Let g be continuous
on the closure of the disk B (0; M) and define h, (x) = g[f. (z)], h(x) =
glf (x)],if x € S. Prove that h,, — h uniformly on S.



Proof: Since g is continuous on a compact disk B (0; M), g is uniformly
continuous on B (0; M). Given € > 0, there exists a § > 0 such that as
|z —y| < 9, where z,y € S, we have

9 () =g (y)] <e. ()

For this ¢ > 0, since f,, — f uniformly on S, then there exists a positive
integer N such that as n > N, we have

|fo (x) — f(x)] <6 for all x € S. (*%)

Hence, by (*) and (**), we conclude that given ¢ > 0, there exists a positive
integer N such that as n > N, we have

lg (fn () —g(f(x))] <eforall zes.

Hence, h,, — h uniformly on S.

9.5 (a) Let fp,(z) =1/(nx+1)if 0 <z <1,n=1,2,.. Prove that {f,}
converges pointwise but not uniformly on (0,1).

Proof: First, it is clear that lim,,_, f, () = 0 for all z € (0,1) . Supppos
that {f,} converges uniformly on (0,1). Then given ¢ = 1/2, there exists a
positive integer N such that as n > N, we have

\fn(x)—f(x)|:’ < 1/2 for all z € (0,1).

1+ nx

So, the inequality holds for all = € (0,1). It leads us to get a contradiction
since

1 1
<§forall$€(0,1):> lim =1<1/2.

1+ Nz a—0+ 1+ Nz
That is, {f,} converges NOT uniformly on (0,1).

(b) Let g, (x) =2/ (ne+1)if 0 <2 < 1,n=1,2,... Prove that g, — 0
uniformly on (0,1).

Proof: First, it is clear that lim,, . g, (x) = 0 for all x € (0,1). Given
€ > 0, there exists a positive integer N such that as n > N, we have

I/n<e



which implies that
1

1
:p+n

T
1+ nx

1
< =<e.
n

o (@) =51 =

So, g, — 0 uniformly on (0,1).

9.6 Let f, () = a™. The sequence {f, (z)} converges pointwise but not
uniformly on [0, 1]. Let g be continuous on [0, 1] with g (1) = 0. Prove that
the sequence {g (x) 2"} converges uniformly on [0, 1] .

Proof: It is clear that f, (z) = 2™ converges NOT uniformly on [0, 1]
since each term of {f, (z)} is continuous on [0, 1] and its limit function

o 0ifx €[0,1)
- lifzx=1.

is not a continuous function on [0, 1] by Theorem 9.2.
In order to show {g(x)z"} converges uniformly on [0, 1], it suffices to
shows that {g (z) 2"} converges uniformly on [0,1). Note that

lim g (z)2" =0 for all z € [0, 1).

n—oo

We partition the interval [0, 1) into two subintervals: [0,1—4d] and (1 —4,1).
As x €[0,1—0]: Let M = max,cpq|g ()|, then given £ > 0, there is a
positive integer N such that as n > N, we have

M(1-0)"<e¢
which implies that for all z € [0,1 — 4],
lg(x)a™ =0 < M [z"| < M (1-9)" <e.

Hence, {g (z) 2"} converges uniformly on [0,1 — ¢].
As x € (1 —4,1) : Since g is continuous at 1, given £ > 0, there exists a
d > 0 such that as |z — 1| < ¢, where x € [0, 1], we have

l9(x) =g ()] =]g(z) = 0] =g (z)] <e
which implies that for all z € (1 —4§,1),

g (z) 2" = 0] < |g(z)| <e.
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Hence, {g (z) ™} converges uniformly on (1 —4,1).

So, from above sayings, we have proved that the sequence of functions
{g () 2™} converges uniformly on [0, 1].

Remark: It is easy to show the followings by definition. So, we omit the
proof.

(1) Suppose that for all z € S, the limit function f exists. If f, — f
uniformly on S; (C 5), then f, — f uniformly on S, where # (S — 5;) <
+00.

(2) Suppose that f, — f uniformly on S and on 7. Then f,, — f uni-
formly on SUT.

9.7 Assume that f,, — f uniformly on S and each f,, is continuous on S.
If z € S, let {x,} be a sequence of points in S such that z,, — x. Prove that

fo(@n) = f (2).
Proof: Since f,, — f uniformly on S and each f,, is continuous on S, by

Theorem 9.2, the limit function f is also continuous on S. So, given € > 0,
there is a § > 0 such that as |y — x| < 0, where y € S, we have

F@) —f@) <3

For this 0 > 0, there exists a positive integer N; such that as n > Ny, we
have
|z, — x| <.

Hence, as n > Ny, we have

f (o) = f @) < 5. (*)

In addition, since f,, — f uniformly on S, given ¢ > 0, there exists a
positive integer N > N; such that as n > N, we have

fo (2) — f (2)] < % forall z € S

which implies that
€



By (*) and (**), we obtain that given ¢ > 0, there exists a positie integer N
such that as n > N, we have

(o (@n) = f ()] = | (n) = f (@) + | f (20) = f (2)]

L E
2 2
=E.

That is, we have proved that f, (z,) — f (z).

9.8 Let {fn} be a seuqnece of continuous functions defined on a compact
set S and assume that {f,} converges pointwise on S to a limit function f.
Prove that f,, — f uniformly on S if, and only if, the following two conditions
hold.:

(i) The limit function f is continuous on S.

(ii) For every € > 0, there exists an m > 0 and a § > 0, such that n > m
and | fx (x) — f (z)| < ¢ implies |frin (x) — f ()] < € for all z in S and all
k=1,2,..

Hint. To prove the sufficiency of (i) and (ii), show that for each zg in S
there is a neighborhood of B (z() and an integer k (depending on xy) such
that

\fi () — f(z)] <dif z € B(xg).
By compactness, a finite set of integers, say A = {ky, ..., k;-} , has the property
that, for each = in S, some k in A satisfies |f () — f (x)| < 0. Uniform
convergence is an easy consequences of this fact.

Proof: (=) Suppose that f, — f uniformly on S, then by Theorem
9.2, the limit function f is continuous on S. In addition, given ¢ > 0, there
exists a positive integer NV such that as n > N, we have

|fu(z) — f(x)| <eforalxes

Let m = N, and § = ¢, then (ii) holds.

(<) Suppose that (i) and (ii) holds. We prove fy — f uniformly on S as
follows. By (ii), given € > 0, there exists an m > 0 and a § > 0, such that
n > m and |fi (z) — f (x)| < 6 implies |fxin (x) — f(z)] < € for all z in S
and all k =1,2,...

Consider | fy(zo) (o) — f (20)| < 6, then there exists a B (zo) such that as
x € B(x9) NS, we have

| fiao) () = f ()| <0
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by continuity of fi(,) () — f (x) . Hence, by (ii) as n > m
| fe@oyin () — [ (2)] < e if 2 € B(x0) N S. ()

Note that S is compact and S = U,eg (B () NS), then S = Uy_, (B (zx) N S).
So, let N =max!_, (k(x,) +m), as n > N, we have

|fo(z) — f(z)| <eforalxzes

with help of (*). That is, f, — f uniformly on S.

9.9 (a) Use Exercise 9.8 to prove the following theorem of Dini: If
{fn} is a sequence of real-valued continuous functions converginf
pointwise to a continuous limit function f on a compact set S, and
if f,(x) > foi1(z) for each z in S and every n=1,2,..., then f, — f
uniformly on S.

Proof: By Exercise 9.8, in order to show that f, — f uniformly on 5,
it suffices to show that (ii) holds. Since f, (z) — f(x) and f,11 (z) < f, (2)
on S, then fixed x € 9, and given ¢ > 0, there exists a positive integer
N (z) = N such that as n > N, we have

ngn(l‘)—f(l’) <E.
Choose m = 1 and § = ¢, then by f,11(x) < f,(x), then (ii) holds. We

complete it.

Remark: (1) Dini’s Theorem is important in Analysis; we suggest the
reader to keep it in mind.

(2) There is another proof by using Cantor Intersection Theorem.
We give it as follows.

Proof: Let g, = f, — f, then g, is continuous on 5, g, — 0 pointwise on
S, and g, () > gny1 (z) on S. If we can show g, — 0 uniformly on S, then
we have proved that f, — f uniformly on S.

Given € > 0, and consider S, := {z : g, (x) > €}. Since each g, (z) is
continuous on a compact set S, we obtain that S,, is compact. In addition,
Snt1 € S, since g, () > gny1 () on S. Then

NS, # ¢ (*)



if each S, is non-empty by Cantor Intersection Theorem. However (*)
contradicts to g, — 0 pointwise on S. Hence, we know that there exists a
positive integer N such that as n > N,

Sp = ¢.
That is, given € > 0, there exists a positive integer N such that as n > N,
we have
lgn () — 0] < e.
So, g, — 0 uniformly on S.

(b) Use he sequence in Exercise 9.5(a) to show that compactness of S is
essential in Dini’s Theorem.

Proof: Let f,(z) = ﬁ, where z € (0,1). Then it is clear that each
fn (x) is continuous on (0,1), the limit function f (x) = 0 is continuous on
(0,1),and f,41 (z) < f,, (z) forall x € (0,1) . However, f,, — f not uniformly
on (0,1) by Exercise 9.5 (a). Hence, compactness of S is essential in Dini’s
Theorem.

9.10 Let fn () = nx (1 — 2*)" for z real and n > 1. Prove that {f,}
converges pointwsie on [0, 1] for every real ¢. Determine those ¢ for which the
convergence is uniform on [0, 1] and those for which term-by-term integration
on [0, 1] leads to a correct result.

Proof: It is clear that f, (0) — 0 and f, (1) — 0. Consider xz € (0,1),
then |1 — 2% :=r < 1, then

lim f, (z) = lim n"x = 0 for any real c.

Hence, f, — 0 pointwise on [0, 1].
Consider

o) =ne (1= at)" n= 1) (5o - ),

1
V2n—1"

then each f, has the absolute maximum at x,, =
As ¢ < 1/2, we obtain that

o (@)] < [ S ()]

n¢ 1 "
_ 1—
\/2n—1< 2n—1)

1 n
= o3 n 1- — 0 as n — oo. (*)
2n —1 2n —1
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In addition, as ¢ > 1/2, if f,, — 0 uniformly on [0, 1], then given ¢ > 0, there
exists a positive integer N such that as n > N, we have

|fn (x)] < e for all z € [0, 1]

which implies that as n > N,

| [ (zn)| <
which contradicts to
— ife=1/2
li — V2e ) Kok
Jn fo () { S ife>1/2 )

From (*) and (**), we conclude that only as ¢ < 1/2, the seqences of
functions converges uniformly on [0, 1] .
In order to determine those ¢ for which term-by-term integration on [0, 1],

we consider
n

/0 f”(x)d$:2(n+1)

/Olf(x)dx:/()l()dx:().

Hence, only as ¢ < 1, we can integrate it term-by-term.

and

9.11 Prove that > 2" (1 — ) converges pointwise but not uniformly on
[0,1], whereas > (—1)" 2" (1 — x) converges uniformly on [0,1]. This illus-
trates that uniform convergence of > f,, () along with pointwise con-
vergence of > |f, (z)] does not necessarily imply uniform conver-

gence of > |f, (x)].
Proof: Let s, (z) = ;_ 2" (1 —x) =1— 2", then

1if z € [0,1)
S”(x)_){ 0if o =1

Hence, Y 2™ (1 — ) converges pointwise but not uniformly on [0, 1] by The-
orem 9.2 since each s, is continuous on [0, 1].

Let g, (x) = 2™ (1 — z), then it is clear that g, (x) > g,11 () for all x €
0,1], and g, () — 0 uniformly on [0, 1] by Exercise 9.6. Hence, by Dirich-
let’s Test for uniform convergence, we have proved that > (—1)" 2™ (1 — x)
converges uniformly on [0, 1] .
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9.12 Assume that g, 41 () < g, (x) for each  in T and each n = 1,2, ...,
and suppose that g, — 0 uniformly on 7. Prove that ) (—1)"Jrl gn () con-
verges uniformly on 7.

Proof: It is clear by Dirichlet’s Test for uniform convergence.

9.13 Prove Abel’s test for uniform convergence: Let {g,} be a sequence
of real-valued functions such that g,.; (z) < g, (z) for each x in T" and for
every n = 1,2, ... If {g,} is uniformly bounded on 7" and if >, f,, (x) converges
uniformly on T, then > f,, (x) g, (z) also converges uniformly on 7.

Proof: Let F, () =Y ,_, fi (x). Then

su(@) =Y fi (@) gu (2) = Fugr (2)+) (Fu (2) = Fi (2)) (grs1 (2) — g1 (2))

and hence if n > m, we can write

n

$n (€)= (2) = (Fo (2) = F (2)) g (2)+ Y (Fo (2) = Fi (2)) (grsr () = g1 (2))

k=m+1
Hence, if M is an uniform bound for {g,}, we have
|50 (2) = $m ()] < M|, (2) = F ()| +2M ) |Fy(2) = Fi (2)] . (%)
k=m+1

Since > f,, (x) converges uniformly on T, given £ > 0, there exists a positive
integer N such that as n > m > N, we have

|F, () — By (2)] < forallz € T (**)

5

M+1

By (*) and (**), we have proved that as n > m > N,
|sp () — s (z)| < e forallz € T

Hence, > f,. (z) gn () also converges uniformly on 7.

Remark: In the proof, we establish the lemma as follows. We write it
as a reference.
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(Lemma) If {a,} and {b,} are two sequences of complex numbers, define

n

An = Zak.

k=1

Then we have the identity

Z arby, = Ananrl - Z Ay (bk+1 - bk) (1>
k=1 k=1

= Auby + i (A, — Ay) (brpr — b . (id)

k=1

Proof: The identity (i) comes from Theorem 8.27. In order to show
(ii), it suffices to consider

bny1 = by + Z bry1 — br.

k=1

9.14 Let f, (x) = x/ (1 + na?) ifx € R,n = 1,2, ... Find the limit function
f of the sequence {f,} and the limit function g of the sequence {f} .

(a) Prove that f’(z) exists for every x but that f'(0) # ¢ (0). For what
values of z is f' (z) = g (x)?

Proof: Tt is easy to show that the limit function f = 0, and by f/ (x) =

1-—na?
(nay?e Ve have

. litz=0
A fu (@) = g(x) = { 0ifz#0 -
Hence, f’(x) exists for every z and f'(0) = 0 # ¢ (0) = 1. In addition, it is
clear that as x # 0, we have f' (z) =g ().

(b) In what subintervals of R does f,, — f uniformly?

Proof: Note that
1 + na?

2

> Vn|z|
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by A.P. > G.P. for all real z. Hence,

1
<
~ 2yn

which implies that f,, — f uniformly on R.

x
1+ nax?

(¢) In what subintervals of R does f/ — ¢ uniformly?

. —nx2 - . s .
Proof: Since each f; = ( 11+:;)2 is continuous on R, and the limit function

g is continuous on R — {0}, then by Theorem 9.2, the interval I that we
consider does not contains 0. Claim that f/ — ¢ uniformly on such interval
I = [a,b] which does not contain 0 as follows.

Consider

2 1 1

~ 14+ n22 = na?’

‘ 1 —nx
(14 na?)’
so we know that f/ — ¢ uniformly on such interval I = [a, b] which does not
contain 0.

9.15 Let f, (z) = (1/n)e ™" if x € R, n = 1,2, ... Prove that f, — 0
uniformly on R, that f/ — 0 pointwise on R, but that the convergence of
{f/} is not uniform on any interval containing the origin.

Proof: It is clear that f,, — 0 uniformly on R, that f| — 0 pointwise
on R. Assume that f; — 0 uniformly on [a, b] that contains 0. We will prove
that it is impossible as follows.

We may assume that 0 € (a, b) since other cases are similar. Given ¢ = %,
then there exists a positive integer N’ such that as n > max (N ' %) =N
(= & <b), we have

1
\f (x)—0|<gfor all z € [a, b]

n

which implies that

Nz 1
QW <3 for all z € [a, D]
which implies that, let © = =,
2 1
e e

which is absurb. So, the convergence of {f/} is not uniform on any interval
containing the origin.
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9.16 Let {f,} be a sequence of real-valued continuous functions defined
on [0, 1] and assume that f,, — f uniformly on [0, 1]. Prove or disprove

1-1/n 1
li " dr = dzx.
im fn (x)dz /0 f(z)dz

n—oo 0

Proof: By Theorem 9.8, we have
1

lim fo () dx :/0 f(z)dz. (*)

n—oo 0

Note that {f,} is uniform bound, say |f,, (z)| < M for all x € [0, 1] and all
n by Exercise 9.1. Hence,

1
/ fo (x)dx
1-1/n

Hence, by (*) and (**), we have

M
n

< 0. (*%)

1-1/n 1
li " dx = dx.
i fu () dz / f (z) de

n—oo 0

9.17 Mathematicinas from Slobbovia decided that the Riemann integral
was too complicated so that they replaced it by Slobbovian integral, de-
fined as follows: If f is a function defined on the set ) of rational numbers
in [0, 1], the Slobbovian integral of f, denoted by S (f), is defined to be the

limit .
1 k
()= Jm 23S (%)

whenever the limit exists. Let {f,} be a sequence of functions such that
S (fn) exists for each n and such that f,, — f uniformly on Q. Prove that
{S (fn)} converges, that S (f) exists, and S (f,) — S (f) as n — oc.

Proof: f, — f uniformly on @), then given £ > 0, there exists a positive
integer N such that as n > m > N, we have

o () = [ ()] <¢/3 (1)

15



and

So, if n>m > N,

which implies that {S (f,,)} converges since it is a Cauchy sequence. Say its
limit S.
Consider, by (1) asn > N,

() 40 <3l ()

Jj=1

which implies that

1< j 1o~ . (j 1<
[%?ﬂ(%)]*/gé%;f(%) 2 (3)] ver
which implies that, let k — 0o
S(f)—2/3 < m p%Zf(%) (fu) + /3 3)
and i
S(fa) —€/3 < lim in %Z () < S(fa)+e/3 (4)
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which implies that

. k .
. 1 J o1 J
;}L%S“%Zf(ﬁ —,}E&mfng(%)

=1 j=1
<1mw1§yzi—ﬁﬂ+»MM12fi-ﬂU)

T |k—oo P k = k " k—o0 k =1 k "

< = by (3) and (4

<e (5)

Note that (3)-(5) imply that the existence of S (f). Also, (3) or (4) implies
that S (f) = S. So, we complete the proof.

9.18 Let f,, (x) =1/ (1+n?2?) if 0 <z <1,n=1,2,... Prove that {f,}
converges pointwise but not uniformly on [0, 1] . Is term-by term integration
permissible?

Proof: It is clear that

lim f, (z) =0

n—oo

for all x € [0,1]. If {f,} converges uniformly on [0, 1], then given ¢ = 1/3,
there exists a positive integer N such that as n > N, we have

which implies that

|fn ()] < 1/3 for all z € [0, 1]
_L1

1
“(N) 23

which is impossible. So, {f,} converges pointwise but not uniformly on [0, 1] .

Since {f, (z)} is clearly uniformly bounded on [0, 1], i.e., |f,(z)] < 1
for all z € [0,1] and n. Hence, by Arzela’s Theorem, we know that the
sequence of functions can be integrated term by term.

9.19 Prove that Y - z/n® (1 + nz?) converges uniformly on every finite
interval in R if o > 1/2. Is the convergence uniform on R?

Proof: By A.P. > G.P., we have

x
n® (1 + nx?)

< — for all x.
2n*T2
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So, by Weierstrass M-test, we have proved that > >, z/n® (1 + nz?) con-
verges uniformly on R if a > 1/2. Hence, > 7 x/n® (1 + nz?) converges
uniformly on every finite interval in R if v > 1/2.

9.20 Prove that the series > >~ ((—1)" /y/n)sin (1 + (z/n)) converges
uniformly on every compact subset of R.

Proof: It suffices to show that the series >~ | ((—=1)" //n)sin (1 + (z/n))
converges uniformly on [0, a] . Choose n large enough so that a/n < 1/2, and
therefore sin (1 + (HLH)) <sin (14 £) for all z € [0,a] . So, if we let f, (z) =
(=1)" /y/nand g, (z) =sin (1 + £) , then by Abel’s test for uniform con-
vergence, we have proved that the series > | ((—1)" /y/n)sin (1 + (x/n))

converges uniformly on [0, al .

Remark: In the proof, we metion something to make the reader get
more. (1) since a compact set K is a bounded set, say K C [—a, a], if we can
show the series converges uniformly on [—a, a], then we have proved it. (2)
The interval that we consider is [0, a] since [—a, 0] is similar. (3) Abel’s test
for uniform convergence holds for n > N, where N is a fixed positive
integer.

9.21 Prove that the series >~ (z*"™'/ (2n + 1) — 2"/ (2n + 2)) con-
verges pointwise but not uniformly on [0, 1] .

Proof: We show that the series converges pointwise on [0, 1] by con-
sidering two cases: (1) = € [0,1) and (2) = = 1. Hence, it is trivial. De-
fine f(z) =307, (z*/ (2n + 1) — 2"/ (2n + 2)), if the series converges

uniformly on [0, 1], then by Theorem 9.2, f(x) is continuous on [0, 1].
However,

Llog (1 +2) ifz €[0,1)
— 2 )
f(x)—{ log2ifz=1

Hence, the series converges not uniformly on [0, 1].

Remark: The function f (x) is found by the following. Given x € [0, 1),

then both
E 2" = d= E A ——
1 —¢2 an 2 2(1—1)

converges uniformly on [0, z] by Theorem 9.14. So, by Theorem 9.8, we
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have

And as x =1,

I
c\
8
N —
7 N
[u—
|-
~
[a—
+ |~
~
~
|
N| —

()

Z (x> (2n + 1) — 2"/ (2n + 2))

S
S+l 2
= (-1
= Z T by Theorem8.14.
n

3
o

g2 by Abel’s Limit Theorem.

9.22 Prove that ) a, sinnx and ) b, cosnx are uniformly convergent on
R if > |a,| converges.

Proof: It is trivial by Weierstrass M-test.

9.23 Let {a,} be a decreasing sequence of positive terms. Prove that
the series > a, sinnz converges uniformly on R if, and only if, na, — 0 as

n — oQ.

Proof: (=

) Suppose that the series ) a, sinnz converges uniformly on

R, then given ¢ > 0, there exists a positive integer N such that as n > N,

we have

Choose © =

2n—1

E ay sin kx

k=n

<e. (*)

1

%, then sin sz < sinkx < sinl. Hence, as n > N, we always

2
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have, by (*)

2n—1 2n—1
(e >) E a sin kx| = E ay sin kx
k=n k=n
2n—1 1
> E Qay, SIN 3 since ay > 0 and ag ™\,
k=n

1.1
= (5 sin 5) (2nas,) .

That is, we have proved that 2nas, — 0 as n — oo. Similarly, we also have
(2n — 1) agn—1 — 0 as n — o0. So, we have proved that na, — 0 as n — oo.

(<) Suppose that na, — 0 as n — oo, then given € > 0, there exists a
positive integer ny such that as n > ng, we have

2(r+1)

In order to show the uniform convergence of > ° | a,sinnz on R, it suffices
to show the uniform convergence of > 7  a,sinnz on [0,7]. So, if we can
show that as n > ng

(*)

Ina,| = na, <

n-+p

E ay, sin kx

k=n+1

<eforallz €[0,n], and allpe N

then we complete it. We consider two cases as follows. (n > ng)
Asz € [0 %p} then

’n

n—+p n—+p
Z apsin kx| = Z ay sin kx
k=n+1 k=n+1
n+p
< Z apkr by sinkxr < kx if x >0
k=n+1
n—+p
= Z (kay) x
k=n-+1
€ pT «
S 5rrnn+p ¥
< E.
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And as x € [ni 7Ti| , then

n-+p

E ay sin kx

k=m-+1

< Z ay sin kx +

k=n+1

, Where m = [q
x

m

20, .
< Z agkr + — ;1 by Summation by parts
S sin £

€ 2am+1
2(r+1) sin £

<

2
mx + 2am+1ﬁ by i <sinzifx € [0, E]
x T

£
P —
~2(r+1) 2

£
<5 s+, 1
_2(7T+1)7T+ g1 (m+1)
S
2 9 (r+ 1)

<E.

Hence, Y7 | a, sinnz converges uniformly on R.

Remark: (1) In the proof (<), if we can make sure that na, \, 0, then
we can use the supplement on the convergnce of series in Ch8, (C)-
(6) to show the uniform convergence of Yo" | a,sinnz =Y " | (na,) (3222)
by Dirichlet’s test for uniform convergence.

(2)There are similar results; we write it as references.

(a) Suppose a, \, 0, then for each o € (0,%), Yo apcosnz and

> >, apsinnz converges uniformly on [a, 27 — o] .
Proof: The proof follows from (12) and (13) in Theorem 8.30 and
Dirichlet’s test for uniform convergence. So, we omit it. The reader

can see the textbook, example in pp 231.

(b) Let {a,} be a decreasing sequence of positive terms. >~ a, cosnz
uniformly converges on R if and only if >~ | a, converges.

Proof: (=) Suppose that Y ° | a, cosnz uniformly converges on R, then
let © = 0, then we have Y~  a, converges.

(<) Suppose that >~ | a, converges, then by Weierstrass M-test, we
have proved that > >° | a, cos nxz uniformly converges on R.
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9.24 Given a convergent series » >, a,. Prove that the Dirichlet series
> > ayn~® converges uniformly on the half-infinite interval 0 < s < +o0.
Use this to prove that lim, o+ > o0 a,n™* = > 07 | ay,.

Proof: Let f, (s) = > ;_, ar and g, (s) = n~%, then by Abel’s test for
uniform convergence, we have proved that the Dirichlet series > >~ | a,n~*
converges uniformly on the half-infinite interval 0 < s < +oo. Then by

Theorem 9.2, we know that lim, o+ > -, a,n™* =3 > a,.

9.25 Prove that the series ( (s) = Y 2, n~* converges uniformly on every
half-infinite interval 1 + h < s < +00, where h > 0. Show that the equation

5= - BT

ns

n=1

is valid for each s > 1 and obtain a similar formula for the kth derivative
¢® (s).
Proof: Since n=* < n~(*M for all s € [1 + h, 00), we know that ¢ (s) =

> o, n~® converges uniformly on every half-infinite interval 1+h < s < +00
by Weierstrass M-test. Define T,, (s) = > _;_, k7%, then it is clear that

1. For each n, T, (s) is differentiable on [1 + h, c0),

2
2. lim T, (2) = —.

n—00 §)

And

log k
3. T (s) =— Z Ok converges uniformly on [1 4 h, o)
k=1
by Weierstrass M-test. Hence, we have proved that

¢ (s) = _Z logn

ns

n=1
by Theorem 9.13. By Mathematical Induction, we know that

o0

log n
n=1
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0.1 Supplement on some results on Weierstrass M-
test.

1. In the textbook, pp 224-223, there is a surprising result called Space-
filling curve. In addition, note the proof is related with Cantor set in
exercise 7. 32 in the textbook.

2. There exists a continuous function defined on R which is nowhere
differentiable. The reader can see the book, Principles of Mathematical
Analysis by Walter Rudin, pp 154.

Remark: The first example comes from Bolzano in 1834, however, he
did NOT give a proof. In fact, he only found the function f : D — R that
he constructed is not differentiable on D' (C D) where D’ is countable and
dense in D. Although the function f is the example, but he did not find the
fact.

In 1861, Riemann gave

g (x) = Z sin (:2 x)

as an example. However, Reimann did NOT give a proof in his life until
1916, the proof is given by G. Hardy.
In 1860, Weierstrass gave

h(z) = Za”cos(b”mc), bisodd, 0 <a <1, and ab > 1+ 377?,
n=1

until 1875, he gave the proof. The fact surprises the world of Math, and
produces many examples. There are many researches related with it until
now 2003.

Mean Convergence

9.26 Let f, (z) = n3/2ze %", Prove that {f,} converges pointwise to 0
on [—1,1] but that l.i.m., . fn # 0 on [—1,1].

Proof: It is clear that {f,} converges pointwise to 0 on [—1,1], so it
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remains to show that [.i.m., . f, # 0 on [—1,1]. Consider

1
/ f2(x)dx = 2/ n*z2e 2" dy since f2(x) is an even function on [—1,1]

V2n
= E/ y26_y2dy by Change of Variable, let y = v2nz
0

\/in 2
_ ﬁ/{) yi ()

\/E’I’L \/577, 5
_ / e_y dy
0 0

VT since / e dr = ﬁ by Exercise 7. 19.
44/2 0 2

S0, 1.i.Mp oo frn £ 0 on [—1,1].

1 -
_2\/§ Y

—

9.27 Assume that {fn} converges pointwise to f on [a,b] and that
Li.Mup—oo fn = g On [a,b]. Prove that f = g if both f and g are continuous
on [a,b].

Proof: Since l.i.m., . fn = g on [a,b], given g = there exists a ny

2k 9
such that
1
/\fn,c )|pdx<2,wherep>0
Define
/ fo (6 — g (O,
then

a. hy, (z) / asx /
b. hy () < hppyr ()
c. hy () <1 for all m and all x.

So, we obtain h,, (z) — h(x) as m — oo, h(z) /asz /', and

h(z) - Z O —g O dt S asz

k=m+17%

24



which implies that

h(z+t)—h(z) - b (2 4+ t) — Ay, (2)
- t

for all m. (*)

Since h and h,, are increasing, we have b’ and h/ exists a.e. on [a, b] . Hence,
by (*)

m

i (@) = Y | for () =g (D < B (2) ace. on [a,b]

k=1
which implies that

Z | fu, (t) — g (t)]” exists a.e. on [a,b].
k=1

So, fu. (t) — ¢(t) a.e. on [a,b]. In addition, f, — f on [a,b]. Then we

conclude that f = g a.e. on [a b] . Since f and g are continuous on [a, b], we

have
/ |f —gldz=0

which implies that f = g on [a, b] . In particular, as p = 2, we have f = g.

Remark: (1) A property is said to hold almost everywhere on a set
S (written: a.e. on S) if it holds everywhere on S except for a set of measurer
zero. Also, see the textbook, pp 254.

(2) In this proof, we use the theorem which states: A monotonic function
h defined on [a,b], then h is differentiable a.e. on [a,b]. The reader can
see the book, The reader can see the book, Measure and Integral (An
Introduction to Real Analysis) written by Richard L. Wheeden and
Antoni Zygmund, pp 113.

(3) There is another proof by using Fatou’s lemma: Let {fy} be a
measruable function defined on a measure set F. If f, > ¢ a.e. on E and

¢ € L(E), then
/ khrn inf f;, < hm inf / fr-

Proof: It suffices to show that f,, () — ¢(t) a.e. on [a,b]. Since
Li.Mp—oo fn = g on [a,b], and given € > 0, there exists a ny such that

b ) 1
JAE IR
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which implies that

m

b m
[l alar <> 5
@ k=1

k=1

which implies that, by Fatou’s lemma,
b m b m
/ lim infz | fon — g dz < lim inf/ Z | fon — g|” dz
a m—0o0 —1 m—0o0 a 1
=3 [ gfde <
k=174

That is,

p o0
| 31w =gl <

k=1
which implies that

Z | frn — g!z < 00 a.e. on [a,b]
k=1

which implies that f,,, — g a.e. on [a,b].

Note: The reader can see the book, Measure and Integral (An In-
troduction to Real Analysis) written by Richard L. Wheeden and
Antoni Zygmund, pp 75.

(4) There is another proof by using Egorov’s Theorem: Let {f;} be a
measurable functions defined on a finite measurable set E with finite limit
function f. Then given € > 0, there exists a closed set F'(C FE), where
|E — F| < ¢ such that

fr — f uniformly on F.

Proof: If f # g on [a,b], then h := |f — g| # 0 on [a,b]. By continuity
of h, there exists a compact subinterval [c, d] such that |f — g| # 0. So, there
exists m > 0 such that h = |f — g| > m > 0 on [¢,d]. Since

b
/ | fo — g|*dz — 0 as n — oo,
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we have

d
/ |fo —g/>dz — 0 as n — oco.

then by Egorov’s Theorem, given ¢ > 0, there exists a closed susbet F' of
[c,d], where |[c,d] — F| < € such that

fn — f uniformly on F'

which implies that
0= lim ]fn—g|2dx
n—oo F

—/ lim |f, — g|° dz

Fn—>oo

=/|f—gl2da:2m2|F|
F

which implies that |F'| = 0. If we choose ¢ < d—c, then we get a contradiction.
Therefore, f = g on [a,b].

Note: The reader can see the book, Measure and Integral (An In-
troduction to Real Analysis) written by Richard L. Wheeden and
Antoni Zygmund, pp 57.

9.28 Let f,, (z) =cos"z if 0 <z <.

(a) Prove that l.i.m.,—oofn, = 0 on [0,7] but that {f, (7)} does not
converge.

Proof: It is clear that {f, (m)} does not converge since f, (7) = (—1)".
It remains to show that l.i.m., .. fn = 0 on [0, 7] . Consider cos®” x := g, ()
on [0, 7], then it is clear that {g, (x)} is boundedly convergent with limit

function

[ 0ifxe(0,m)

| lifz=0o0rm °
Hence, by Arzela’s Theorem,

T

lim cos™ xdx = / g(z)dx =0.
0

n—oo 0

S0, 1.i.Mp— oo fr =0 on [0, 7] .
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(b) Prove that {f,} converges pointwise but not uniformly on [0, 7/2] .
Proof: Note that each f, (z) is continuous on [0,7/2], and the limit
function
o 0if z € (0,7/2]
- lifx=0

Hence, by Theorem9.2, we know that {f,} converges pointwise but not
uniformly on [0, 7/2].

9.29 Let f,(x) =0if 0 <x <1/nor2/n<z<1, andlet f, (z) =n if
1/n < x < 2/n. Prove that {f,} converges pointwise to 0 on [0, 1] but that
LiM.p—oofn # 0 on [0,1].

Proof: It is clear that {f,} converges pointwise to 0 on [0, 1]. In order
to show that [.i.m.,, . fn # 0 on [0, 1], it suffices to note that

1
/ fn () dz =1 for all n.
0

Hence, 1.i.m.p— 0o frn 7 0 on [0, 1] .

Power series

9.30 If r is the radius of convergence if Y a,, (z — 29)" , where each a,, # 0,
show that

. (02% . Gy,
lim inf <r < lim sup )
n— o0 Ap41 n—0o0 An+1
Proof: By Exercise 8.4, we have
1 < 1 1
<r= = < )
lim,, o0 SUp | “25 limy, oo SUp @™ limy,_o inf |#25
n n
Since
1 .. an
= lim inf |——
hmnﬂoo sup aZ-H e an+1
n
and
1 .
= lim sup ,
hmnﬁoo Hlf dntl n—oo an+1
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we complete it.

9.31 Given that two power series ) a,z" has radius of convergence 2.
Find the radius convergence of each of the following series: In (a) and (b), k
is a fixed positive integer.

(a) 3ong an2”

Proof: Since

1
2= : ()
lim,, o SUp ]anll/"
we know that the radius of > > aFz" is

) n — F
hmn—>oo sup |a’lr€z| " (llmn_@o sup |an|1/n>

(b) Soorg anz"™
Proof: Consider

lim sup |anzk" ‘ ln

n—oo

= lim sup |a,|"" |2|F < 1
n—oo

which implies that

. 1/k
|z| < ( 1/n> — 9l/k by (*)

lim,, o0 SUD |ay|

So, the radius of Y>> a,zk" is 21/*.
o) n2
(C) Zn:O anz
Proof: Consider
Sl

/n
= lim sup |a,|"/" |2|"
n—oo

lim sup |a,z"

and claim that the radius of > 7 anz" is 1 as follows.
If |z] < 1, it is clearly seen that the series converges. However, if |z] > 1,

lim sup |an|1/" 7}1—{20 inf |2]" < nh_)rgo sup |an|1/n K

n—oo
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which impliest that
I/n |2|" = 400.

lim sup |a,|
n—oo
so, the series diverges. From above, we have proved the claim.

932 Given a power series Y  a,x™ whose coefficents are related by an
equation of the form

an + Aan_1+ Ba, o =0 (n=2,3,...).
Show that for any x for which the series converges, its sum is

ap + (a1 + Aag)
1+ Ax + Ba?

Proof: Consider

Z (an + Aap_1 + Ba, o) x" =0

n=2

which implies that

o0 o0 o
g a,x" + Az E an_12" ' + Bx? E U2z 2 =0
n=2 n=2 n=2

which implies that
Z apx” + Az Z a,x"™ + Bx? Z anx™ = ag + a1x + Aapx
n=0 n=0 n=0

which implies that

ia xn_ao—i—(al—l—Aao)x
— " 14 Ax+ Bx?

Remark: We prove that for any = for which the series converges, then
1+ Az + Bx? # 0 as follows.
Proof: Consider

[e.9]

(1 + Ax + Ba:Q) Z a,x" = ap + (a1 + Aap) z,

n=0
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if = A(#£0) is aroot of 1 + Az + Ba?, and Y - a,\" exists, we have
1+ AN+ BX =0 and ag + (a; + Aag) A = 0.

Note that a; + Aag # 0, otherwise, ag = 0(= a; = 0), and therefore, a,, =
0 for all n. Then there is nothing to prove it. So, put A\ = aljrajao into
1+ AN+ BX?2 =0, we then have

a% = apas.

Note that ag # 0, otherwise, a; = 0 and as = 0. Similarly, a; # 0, otherwise,
we will obtain a trivial thing. Hence, we may assume that all a,, # 0 for all
n. So,

a3 = ajas.

And it is easy to check that a, = ao/\in for all n > N. Therefore, Y a,\" =
> ap diverges. So, for any x for whcih the series converges, we have 1+ Az +
Bx? #0.

9.33 Let fz)=e V" if 2 #£0, f(0)=0.
(a) Show that f™ (0) exists for all n > 1.
Proof: By Exercise 5.4, we complete it.

(b) Show that the Taylor’s series about 0 generated by f converges ev-
erywhere on R but that it represents f only at the origin.

Proof: The Taylor’s series about 0 generated by f is

n=0 n=0
So, it converges everywhere on R but that it represents f only at the origin.

Remark: It is an important example to tell us that even for functions
f € C*(R), the Taylor’s series about ¢ generated by f may NOT represent
f on some open interval. Also see the textbook, pp 241.

9.34 Show that the binomial series (14 z)* = > 0 (%)™ exhibits the
following behavior at the points x = +£1.

(a) If z = —1, the series converges for a« > 0 and diverges for a < 0.
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Proof: If x = —1, we consider three cases: (i) o < 0, (ii) @ = 0, and (iii)
a > 0.
(i) As o < 0, then

e}

@ =Y elez e lamnd )

n!
n=0

n

say a, = (—1)" w, then a,, > 0 for all n, and

In__ —a(atl---(catn-1) > —a > 0 for all n.
1/n (n—1)!
Hence, > 0 o (%) (—1)" diverges.
(ii) As a = 0, then the series is clearly convergent.
(iii) As a > 0, define a,, =n (—1)" (%), then

Uit 7% 5 1 if > [a] + 1. (*)
ay, n

It means that a,, > 0 for all n > [a]+1 or a,, < 0 for all n > [a]+ 1. Without
loss of generality, we consider a,, > 0 for all n > [a] 4 1 as follows.
Note that (*) tells us that

Gy > Gpy1 > 0= lim a, exists.

and
n, = py1 = a(=1)" ()
So,
m . 1 m
Z (_1) (n) - a Z (an - an—i—l) .
n=[a]+1 n=[a]+1

By Theorem 8.10, we have proved the convergence of the series > >~ /(&) (=1)".

(b) If z = 1, the series diverges for o < —1, converges conditionally for «
in the interval —1 < a < 0, and converges absolutely for a > 0.

Proof: If © = 1, we consider four cases as follows: (i) a < —1, (ii)
—1<—-a<0, (ili) a=0, and (iv) a > 0:

a(a—1)~~1;b(!a—n+1) Then

(i) As a < —1, say a, =

—a(—a+1)---(—a+n-1)
n!

la,| = > 1 for all n.

32



So, the series diverges.
(i) As —1 < a <0, say a, = olazl)lo=ntl) Then g, = (—=1)"b,, where

n:

b — —a(—oz+1)~7-l|- (—a+n—-1) - 0.

with ;
n—q
ntl <1lsince —1<—-a<0
b, n

which implies that {b,} is decreasing with limit L. So, if we can show L = 0,
then > a, converges by Theorem 8.16.

Rewrite
- a+1
b, = 1—
(-)

k=1

and since Y QT“ diverges, then by Theroem 8.55, we have proved L = 0.
In order to show the convergence is conditionally, it suffices to show the
divergence of > b,. The fact follows from

b, —a(—a+1)---(—a+n—1)
1/n (n—1)!

> —a > 0.

(iii) As a = 0, it is clearly that the series converges absolutely.
(iv) As a > 0, we consider »_ |(%)| as follows. Define a, = ()], then
An+1 n—ao

= <lifn>[o]+1.
a, n+1

It implies that na, — (n+1)a, = aa, and (n+1)a,41 < na,. So, by

Theroem 8.10,
1
n — n 1 n
E = — E na, — (n+1)a

converges since lim,, ., na, exists. So, we have proved that the series con-
verges absolutely.

9.35 Show that > anz™ converges uniformly on [0, 1] if Y a,, converges.
Use this fact to give another proof of Abel’s limit theorem.

Proof: Define f, () = a, on [0,1], then it is clear that > f, (z) con-
verges uniformly on [0, 1] . In addition, let g, () = 2", then g, (z) is unifom-
rly bouned with g,,41 (z) < g, (z) . So, by Abel’s test for uniform convergence,
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> an,x™ converges uniformly on [0, 1] . Now, we give another proof of Abel’s
Limit Theorem as follows. Note that each term of ) a,z™ is continuous
on [0, 1] and the convergence is uniformly on [0, 1], so by Theorem 9.2, the
power series is continuous on [0, 1]. That is, we have proved Abel’s Limit

Theorem:
lim Z a,x" = Z G-

r—1—

9.36 If each a, > 0 and ) a, diverges, show that >  a,z" — +oo as
x — 17. (Assume ) a,z" converges for |z| < 1.)

Proof: Given M > 0, if we can find a y near 1 from the left such that
> any™ > M, then for y < x < 1, we have

M < Zany" < Zanx".
That is, lim, ;- Y ap,2"™ = +00.
Since > a,, diverges, there is a positive integer p such that

p
> ap>2M > M. (*)

k=1

Define f, (z) = >_,_, axx®, then by continuity of each f,,, given 0 < & (< M),
there exists a d,, > 0 such that as x € [J,, 1), we have

n

Zak—e<iakxk<iak+5 (**)
k=1 k=1

k=1

By (*) and (**), we proved that as y = ¢,

M < iak —e< iakyk.
k=1 k=1

Hence, we have proved it.

937 If each a, > 0 and if lim, ;- > a,2™ exists and equals A, prove
that > a, converges and has the sum A. (Compare with Theorem 9.33.)

Proof: By Exercise 9.36, we have proved the part, Y a, converges. In
order to show Y a, = A, we apply Abel’s Limit Theorem to complete it.
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9.38 For each real t, define f; (z) = xe™/(e*—1) if z € R, © # 0,
fe(0)=1.

(a) Show that there is a disk B (0;d) in which f; is represented by a power
series in x.

n

Proof: First, we note that <= = Y>> oy =P (@), then p (0) =1 #
0. So, by Theorem 9. 26, there exists a disk B (0;0) in which the reciprocal
of p has a power series exapnsion of the form

I
<
N
—~
~
~—
8
3

(b) Define Py (t), P (t), P2 (t), ..., by the equation

’I’L

ft(x):ZPn() ,if x € B(0;9),

and use the identity

[e.9]

Z n'_emzp

=0

to prove that B, (t) = >_,_, (%) P, (0)t"~*.

Proof: Since

oo

" T
=) P, (t)—=¢"
Z ()n‘ eegﬁ—l7

n=0
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and
x

et —1°

fole) = Y Pa(0) 5 =

So, we have the identity

[e.9]

" e "
P (t) — = ey " P, (0) -
! o !

n=0
Use the identity with e = >">° L2 then we obtain
P, (t) Z”: "k P (0)
nl ~ (n— k) Kl
1 . n n—k
= > WA
" k=0
which implies that
Po(t)=) ()P (0)t" ™"
k=0

This shows that each function P, is a polynomial. There are the Bernoulli
polynomials. The numbers B, = F,(0) (n = 0,1,2,...) are called the
Bernoulli numbers. Derive the following further properties:

(¢) Bo=1,Bi=-1 S0 (1) B,=0,ifn=2,3,...

Proof: Sincel = 1@, where p (z) :== Y07 ) =20, and - == 2> | P, (0) 5.
S p(z) (n+1) p(z)
07
1
l=p(x
@y ()
=2 D PO
— (n+1)! — n!
Yo
n=0
where
1 n
Cn = (+*) P (0)
(n+ 1)l =~



So,
BOZP[)(O):CQ:l,
Ci—F (0 1
Blzpl(O):lTO():—g, byC’lz(]

and note that C,, = 0 for all n > 1, we have

0= Cn—l
1 n—1
- (RO
T k=0
1 n—1
= (%) By, for all n > 2.
n!

B
Il

0

(d) P (t) =nP,—1(t),ifn=1,2,..
Proof: Since

n

Pr(t) =2 (i) P (0) (n— k)"

k=0
n—1
=Y (P 0) (n— k)
k=0
T L kl(n—k)N "
k=0
n—1
_ (n—1)! (n—1)—k
= nk;‘(n—l—k;)'Pk(O)t
k=0
n—1
— 03" (1) P (0) £
k=0

() Po(t+1)— P, (t) =nt"tifn=1,2,..
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Proof: Consider

o0

fisr (@) = fi (@) = D[P (t+1) = P (0] =7 by (b)
= 2e"™ by f; (x) = ze"/ (" = 1)
= 2 (n+1)t"(n+1)|,

soasn=1,2,..., we have

P,(t+1)— P, (t) =nt"".

(f) Poi—p) =~ P )
Proof: Note that
fe(=x) = fii(2),

Z nu ZP (1-1) nl

n

so we have

Hence, P, (1 —t) = (=1)" P, (t).
(g) Bans1 =0ifn=1,2,.

Proof: With help of (e ) and (f), let t = 0 and n = 2k + 1, then it is clear
that B2k+1 =0if k= ]. 2

m)ﬁ+2”+m+%k—nnzﬁﬂ%§%ﬁ@(n:ZSW)

Proof: With help of (e), we know that

Bopa (t41) = P (1)

="
n+1

which implies that

Py (k)= P
1" 4+2"+ 4 (k1) = 1 (k) = Pt (0)
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Remark: (1) The reader can see the book, Infinite Series by Chao
Wen-Min, pp 355-366. (Chinese Version)

(2) There are some special polynomials worth studying, such as Legen-
gre Polynomials. The reader can see the book, Essentials of Ordinary
Differential Equations by Ravi P. Agarwal and Ramesh C. Gupta.
pp 305-312.

(3) The part (h) tells us one formula to calculte the value of the finite
seriesd ;" | k™. There is an interesting story from the mail that Fermat,
pierre de (1601-1665) sent to Blaise Pascal (1623-1662). Fermat
used the Mathematical Induction to show that

nn+1l)---(n+p+1)
p+2 '

D kk+1)-(k+p) = (*)

In terms of (*), we can obtain another formula on ;" | k".
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