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STA 5446- Fall ’05

Some results and definitions from real anlaysis, which are required for this course:

We shall keep all our discussion confined to R! so it would suffice to know
the below mentioned definitions/results only for functions/sets on a real line.

e Definitions

— What do we mean by an infimum, supremum, least upper bound
(lub) greatest lower bound (glb) of a set and Limsup and Liminf
for a sequence of real numbers.

— What are countable and uncountable sets?

— The € — § definition of (a) convergence of a series/ sequence and
(b) continuity of a real valued function.

— What is uniform continuity? What is a monotonic function?

— In R! what are closed, open, compact and bounded sets?
e Results
— How are the infimum, supremum, least upper bound (lub) greatest
lower bound (glb) of a set related?

— How are the Limsup and Liminf for a sequence of real numbers
related?

— Is the set of rationals countable?
— Continuous fxns on a compact set is uniformly continuous

— A subset of R! is closed and bounded <= it is compact (also
known as Heine Borel theorem).

— We should be able to work out elementary results like composition
of 2 continuous functions is also continuous.

— It would be good if we knew stuff from Calculus I, II like the Fun-
damental Theorem of Calculus and stuff, however we do not need
things from Calculus III (e.g. multiple integrals Green’s theorem
ete).



Chapter 1
Motivation

— e e e

SECTION 1 offers some reasons for why anyone who uses probability should know about
the measure theoretic approach.

SECTION 2 describes some of the added complications, and some of the compensating
benefits that come with the rigorous treatment of probabilities as measures.

SECTION 3 argues that there are advantages in approaching the study of probability theory
via expectations, interpreted as linear functionals, as the basic concept.

SECTION 4 describes the de Finetti convention of identifying a set with its indicator

function, and of using the same symbol for a probability measure and its corresponding
expectation. g

SECTION *5 presents a fair-price interpretation of probability, which emphasizes the

linearity properties of expectations. The interpretation is sometimes a useful guide to
intuition.

1. Why bother with measure theory?

Following the appearance of the little book by Kolmogorov (1933), which set forth
a measure theoretic foundation for probability theory, it has been widely accepted
that probabilities should be studied as special sorts of measures. (More or less
true—see the Notes to the Chapter.) Anyone who wants to understand modern
probability theory will have to learn something about measures and integrals, but it
takes surprisingly little to get started.

For a rigorous treatment of probability, the measure theoretic approach is a vast
improvement over the arguments usually presented in undergraduate courses. Let
me remind you of some difficulties with the typical introduction to probability.

Independence

There are various elementary definitions of independence for random variables. For
example, one can require factorization of distribution functions,

P{X <x,Y <y} =P{X <x}P{Y <y} for all real x, y.

The problem with this definition is that one needs to be able to calculate distribution
functions, which can make it impossible to establish rigorously some desirable
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properties of independence. For example, suppose Xi. ..., X4
random variables. How would you show that

2 2 3 37
Y = X, X, | log X1+ X3 +|X1| + X3
1X1] +1Xal X3+ x3

are independent

~

z=s‘m[X3+X§+X3X4+x§+,/x§+xj ,

-~

by means of distribution functions? Somehow you would need to express events
{Y <y,Z <z} in terms of the events {X; < x;}, which is not am easy task. (If you
did figure out how to do it, I could easily make up more taxing examples.)

You might also try to define independence via factorization of joint density
functions, but I could invent further examples to make your life miserable, such as
problems where the joint distribution of the random variables are not even given
by densities. And if you could grind out the joint densities, probably by means of
horrible calculations with Jacobians, you might end up with the mistaken impression
that independence had something to do with the smoothness of  the transformations.

~ The difficulty disappears in a measure theoretic treatment, as you will see in
Chapter 4. Facts about independence correspond to facts about product measures.

is independent of

Discrete versus continuous
Most introductory texts offer proofs of the Tchebychev inequality,
P{IX — pl > ¢} < var(X)/€’,

where 1 denotes the expected value of X. Many texts even offer two proofs, one for
the discrete case and another for the continuous case. Indeed, introductory courses
tend to split into at least two segments. First one establishes all manner of results
for discrete random variables and then one reproves almost the same results for
random variables with densities.

Unnecessary distinctions between discrete and continuous distributions disappear
in a measure theoretic treatment, as you will see in Chapter 3.

Univariate versus multivariate

The unnecessary repetition does not stop with the discrete/continuous dichotomy.
After one masters formulae for functions of a single random variable, the whole
process starts over for several random variables. The univariate definitions acquire a
prefix joint, leading to a whole host of new exercises in multivariate calculus: joint
densities, Jacobians, multiple integrals, joint moment generating functions, and so
on.

Again the distinctions largely disappear in a measure theoretic treatment.
Distributions are just image measures; joint distributions are just image measures for
maps into product spaces; the same definitions and theorems apply in both cases.
One saves a huge amount of unnecessary repetition by recognizing the role of image
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measures (described in Chapter 2) and recognizing joint distributions as measures
on product spaces (described in Chapter 4).

Approximation of distributions

Roughly speaking, the central limit theorem asserts:

If &, ..., &, are independent random variables with zero expected values a~d

variances summing to one, and if none of the & makes too large a contribution

to their sum, then & + ...+ &, is approximately N(0, 1) distributed.

What exactly does that mean? How can something with a discrete distribution,
such as a standardized Binomial, be approximated by a smooth normal distribution?
The traditional answer (which is sometimes presented explicitly in introductory
texts) involves pointwise convergence of distribution functions of random variables;
but the central limit theorem is seldom established (even in introductory texts) by
checking convergence of distribution functions. Instead, when proofs are given, they
typically involve checking of pointwise convergence for some sort of generating
function. The proof of the equivalence between convergence in distribution and
pointwise convergence of generating functions is usually omitted. The treatment of
convergence in distribution for random vectors is even murkier.

As you will see in Chapter 7, it is far cleaner to start from a definition involving
convergence of expectations of “smooth functions” of the random variables, an
approach that covers convergence in distribution for random variables, random
vectors, and even random elements of metric spaces, all within a single framework.

k%K

In the long run the measure theoretic approach will save you much work and
help you avoid wasted effort with unnecessary distinctions.

The cost and benefit of rigor

In traditional terminology, probabilities are numbers in the range [0, 1] attached to
events, that is, to subsets of a sample space Q. They satisfy the rules

(i) PG =0 and PQ =1

(ii) for disjoint events Aj, A, ..., the probability of their union, P (U;A)), is equal
to Y ;PA;, the sum of the probabilities of the individual events.

When teaching introductory courses, I find that it pays to be a little vague
about the meaning of the dots in (ii), explaining only that it lets us calculate the
probability of an event by breaking it into disjoint pieces whose probabilities are
summed. Probabilities add up in the same way as lengths, areas, volumes, and
masses. The fact that we sometimes need a countable infinity of pieces (as in
calculations involving potentially infinite sequences of coin tosses, for example) is
best passed off as an obvious extension of the method for an arbitrarily large, finite
number of pieces.

In fact the extension is not at all obvious, mathematically speaking. As
explained by Hawkins (1979), the possibility of having the additivity property (ii)
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hold for countable collections of disjoint events, a property known officially Vas
countable additivity, is one of the great discoveries of modermn mathematics. In his
1902 doctoral dissertation, Henri Lebesgue invented a method for defining lengths
of complicated subsets of the real line, in a countably additive way. The definition
has the subtle feature that not every subset has a length. Indeed, under the usual
axioms of set theory, it is impossible to extend the concept of length to all subsets
of the real line while preserving countable additivity.

The same subtlety carries over to probability theory. Im general, the collection
of events to which countably additive probabilities are assigned cannot include all
subsets of the sample space. The domain of the set function PP (the probability
measure) is usually just a sigma-field, a collection of subsets of  with properties
that will be defined in Chapter 2.

Many probabilistic ideas are greatly simplified by reformulation as properties
of sigma-fields. For example, the unhelpful multitude of possible definitions for
independence coalesce nicely into a single concept of independence for sigma-fields.

The sigma-field limitation turns out to be less of a disadvantage than might be
feared. In fact, it has positive advantages when we wish to prove some probabilistic
fact about all events in some sigma-field, A. The obvious line of attack—first find an
explicit representation for the typical member of A, then check the desired property
directly—usually fails. Instead, as you will see in Chapter 2, an indirect approach
often succeeds.

(a) Show directly that the desired property holds for all events in some subclass &
of “simpler sets” from A.

(b) Show that A is the smallest sigma-field for which A D &.

(c) Show that the desired property is preserved under various set theoretic
operations. For example, it might be possible to show that if two events have
the property then so does their union.

(d) Deduce from (c) that the collection B of all events with the property forms
a sigma-field of subsets of Q. That is, B is a sigma-field, which, by (a), has
the property B D €.

(e) Conclude from (b) and (d) that B 2 A. That is, the property holds for all
members of A.

REMARK. Don’t worry about the details for the moment. I include the outline
in this Chapter just to give the flavor of a typical measure theoretic proof. I have
found that some students have trouble adapting to this style of argument.

The indirect argument might seem complicated, but, with the help of a few key
theorems, it actually becomes routine. In the literature, it is not unusual to see
applications abbreviated to a remark like “a simple generating class argument shows
..., with the reader left to fill in the routine details.

Lebesgue applied his definition of length (now known as Lebesgue measure)
to the construction of an integral, extending and improving on the Riemann
integral. Subsequent generalizatioﬁs of Lebesgue’s concept of measure (as in
the 1913 paper of Radon and other developments described in the Epilogue to
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Hawkins 1979) eventually opened the way for Kolmogorov to identify probabilities
with measures on sigma-fields of events on general sample spaces. From the Preface
to Kolmogorov (1933), in the 1950 translation by Morrison:

The purpose of this monograph is to give an axiomatic foundation for the
theory of probability. The author set himself the task of putting in their natural
place, among the general notions of modern mathematics, the basic concepts of
probability theory—concepts which until recently were considered to be quite
peculiar.

This task would have been a rather hopeless one before the introduction
of Lebesgue’s theories of measure and integration. However, after Lebesgue’s
publication of his investigations, the analogies between measure of a set and
probability of an event, and between integral of a function and mathematical
expectation of a random variable, became apparent. These analogies allowed of
further extensions; thus, for example, various properties of independent random
variables were seen to be in complete analogy with the corresponding properties
of orthogonal functions. But if probability theory was to be based on the above
analogies, it still was necessary to make the theories of measure and integration
independent of the geometric elements which were in the foreground with
Lebesgue. This has been done by Fréchet.

While a conception of probability theory based on the above general
viewpoints has been current for some time among certain mathematicians, there
was lacking a complete exposition of the whole system, free of extraneous
.complications. (Cf., however, the book by Fréchet ...)

Kolmogorov identified random variables with a class of real-valued functions
(the measurable functions) possessing properties allowing them to coexist com-
fortably with the sigma-field. Thereby he was also able to identify the expectation
operation as a special case of integration with respect to a measure. For the newly
restricted class of random variables, in addition to the traditional properties

(D E(c1X1 +c2X2) = c1E(X1) + c2E(X>), for constants ¢; and c,,

forms ) EX)>EMifX>vY,
 (2), has he could benefit from further properties implied by the countable additivity of the
probability measure.
 for all As with the sigma-field requirement for events, the measurability restriction on

the random variables came with benefits. In modern terminology, no longer was E
Just an increasing linear functional on the space of real random variables (with
some restrictions to avoid problems with infinities), but also it had acquired some

continuity properties, making possible a rigorous treatment of limiting operations in
probability theo
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APPENTDIX C

The Problem of Measure

Assuming the axiom of choice, it is known, as shown in §3.4, that there exist
non-measurable sets for Lebesgue measure. There is still the question whether
Lebesgue measure could be extended to all subsets of R as a countably additive
measure. More generally, the “problem of measure” asks whether there is a
measure g on all subsets of an uncountable set X, with u(X) = 1 and p{x} =0
for each point x € X. This appendix will prove a partial answer, which will be
used in Appendix E. :

C.1 Theorem (Banach and Kuratowski). Assuming the continuum hypothesis,
there is no measure u defined on all subsets of I := [0, 1] with u(I) =1 and
u{x} =0foreachx el

PROOF. The proof will be based on the following:

C.2 Lemma. Assuming the continuum hypothesis, there exist subsets A4;; of I
foriand j =1, 2,..., with the following properties:

(a) For each i, the sets A;; for different j are disjoint and their union is I.
(b) For any sequence k(i) of positive integers,

A, is at most countable.
i 1<j<kG)

PROOF. For any two sequences {n;} and {k;} of positive integers, {n;} < {k;} will
mean n; < k; for all i. The following will be proved first:

C.3 Lemma. Assuming the continuum hypothesis, thereis a set # of sequences
of integers, where & has cardinality c (the cardinality of I), such that for every
sequence {m;} (in & or not), the set of all sequences {n;} in & with {n;} < {m;}
is at most countable.
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Appendix C  The Problem of Measure -

PROOF. Let & be the set of all sequences of positive integers. Theh & hag
cardinality ¢ (§13.1). By the continuum hypothesis, there is a well-ordering < op
& such that for each y e &, {x: x < y} is countable. For each « e et f,be a
function from N onto {x: x < a}. Define a sequence 9o = {9a(M)}, 0 of positive
integers by g,(n) := f,(n)(n) + 1 forn =0, 1, .... (Then g. is called a “diagona}”
sequence.) It is not true that g, < x for any of the countably many x < o. Let &
be the set of all sequences g,, a € &. Then if g« < X, it must not be the case that
x < a, 80 & £ x, and the set of such « is countable. Now % is uncountable, since
each g, is the sequence y for some y € %, and if the set of such y were countable,
they would have a supremum B € & for <, but the sequence g, is different from

all the sequences y < B, a contradiction. So by the continuum hypothesis, # has
cardinality ¢, proving Lemma C.3. O

Now to prove Lemma C.2, let h be a 1-1 function from [0, 1] onto &. Thus
each h(x) is a sequence {h(x),}45 o- Define sets Ay by x € A;iff j = h(x),. Then for
a fixed value of i, the sets A;; for different j are clearly disjoint. Their union over
all j gives the whole interval [0, 1].

Let {k;} := {k(i)} be any sequence of positive integers. Let x € i Uj<rn 45
Then by definition of Aj;, we have h(x); < k(i) for all i, so h(x) < {k;}. By Lemma
C.2, there are only countably many sequences in & which are < {k;}, and since

h is 1-1, there are only countably many such x € [0, 1], finishing the proof of
Lemma C.2. O

Now to prove Theorem C.1, choose k(i) for each i > 1 such that u(B;) < 1/2i+1
where B; := | J o1 A;. By Lemma C.2, the intersection of the complements of all
the B, is countable, so it has y measure 0. Thus 1 = H(UiB) < Yis1 127 = 12,
a contradiction. O

Notes

This appendix is based on the paper of Banach and Kuratowski (1929). For more
information on the problem of measure (“measurable cardinals,” “real-valued measurable
cardinals,” etc.), see, for example, Jech (1978).
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