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1. (a) Suppose that {A,} is an increasing sequence of algebras, i.e. A, C
Apy for all n > 1. Show that U2, A, is an algebra.
(b) Suppose that the A, of (a) are c—algebras. Show by constructing
a counter-example that U2, A, need not be a c—algebra.

Solution: (a) If A € U2, A,, then A € A, for some m, and since
A, is an algebra, A° € A,,. Hence A° € U2, A,. If A,B € UX A,
then A € A, for some m and B € A, for some n. Without loss we
can assume that m < n, and since A,, C A, it follows that A, B € A,.

Since A, is an algebra, it follows that AU B € A,, and hence that

AUB e U, A,.
(b) Take Q) = [Oa 1] Let AO = {Q) Q}v A2 = 0[A07 [0,1/2)], ten 'An =
o[An-1,[0,1 —1/n)], ... . Then A, C An41 by construction, but

U=, A, is not a sigma field: if we let Ay = [0,1 — 1/k) for each k =
1,2,..., then Ay € U2, A, since A; € A by construction, but [0,1) =
Uz?:l Ak g Uf:lA’n'
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