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Homework 4

Exercise 1:
Let X, ~ Uniform[—k,k], fork >1.
Let abe a fixed constant such that 0 <a <1

1) Show that Z a*X, —a.s. S where S is somerandom variable
k=1

Note: In order to show (1) we will use part one of Theorem 2 (The Two Series
Theorem) which is located in Convergence of a Series of Independent Random
Variables section of Lecture 24.

The Two Series Theorem states: Let X ..., X, be independent with X, = (, ,o-k)

I) If Z,uk — u and Zaf <o, then S, = ZXk — a.s.S whereSisar.v.
P P k=1

Clearly, E(X,)=0 forall k,hencess, = E(a* X, )=a*E(X,) = 0 for all k
Therefore, (a" X, )5 (0,0, ) This implies that Zn: H, > U
k=1

Note: the will be completed by showing that Za,f < oo
k=1

Var(aka )= E(aka )2 —(E(aka ))2 = E(aka )2 = azkE(Xk )2 =a* (];ij = l((ak)")z

Note: We want show to that Va € (0,1), 3N suchthat Vk > Nitfollowsthat (a" )k < i

0

2
Facts: Z(%) <ooand for n >3 llog »(n) > 0 monotonically from above
k=1 n

Let b= 1 then if we choose N such that %logb N < %, then Vn > N we have
a

2log, n<n < 2log, n<nlog, b < log, n’ <log, b" ©n’> <b" & n<nb" ©l>i=(a"},
n n

Therefore, —% i((a" )’c)z <§;(%)2 < oo which implies that i o; =—1-2 ((a" y()z <o

k=N+1 k=1 k=1
Therefore, by The Two Series Theorem it follows that

S, =Y X, »>as.SwhereSisarv. QED.

k=1
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