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o€ Joad |'v|,;$ Gr The J-th Coctor
con ba rmede Qz_uo,,g o ! by

2,’5 is called the /oav!n‘n;, o€ Tha properly  scaling  Ha Gackr lading:

~th verisble onw the j-th ch&h [‘n alternative s The 06':’3«& factor meds/

7.3 | 5,




Thn‘s
Structure on A){

Z

2)

model

IMpPesSes a covariance

= V(%)= Ve (LE +¢)
LIL +
= LL  + ¢

/‘

+ha of€ do\a.ncl elements
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Limitatrons of the or‘l‘harn,d Coctor
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3, The -factor
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Then

-me ‘H\g ‘F&c‘h?‘

LL  + ¥

we have
| 2 5- [#s
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So
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Estimate L and ¥ by
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Twe fctir (m=2) solutvon:
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S+°¢k Ph(-ﬁ dq'l-o. CMS!S'Foha Fechr F«c‘f'orj Variance S

! 2 % <=k

of n= oo wegkly vates of re+urn,s;? Veriehle
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proce dure itevatively

A—ppl] this
D S+t i th

(k) -

Rz Value €ov The

regressien of X,
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(2) Compute €octor loadings
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2
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Specrle
Fector | Rclord s‘ﬁ‘nz !‘z
Allied Chem. .70 -.09 « SO0 .50
Dupont - —.as - H4 .56
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A Curther vres'f'rc'c‘l'c‘an which
Spec €ies a um‘z.«.z Sol/wtto br
/ -
L$¢'L= /A
/
a dt‘d-}dha’ watriX

See.  Suwpplement 94 G ?
Comjounts *onal detels o=
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Moxtimum Iike/i‘woc( eshtmates '?e.siclua./ Meatrv X
for m=2 foctor model

A 4y, A
for  tha  cxample with S stecks, R— LL -4
: -1
O 008 =064 =029 -~ o0y
Load 3"\;5 < Lo adings Spo.c\'{ Ve —
€ fr .
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O 103, - 06‘/
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A Iav,e sample
for
o€ Goctors

deciding i€ the

numbev

m ‘S

L L

Pxpn wup

+ ‘};xﬁ

S | any po:o‘-l--‘ve

de€inite

rmetrox

CovavrianeL

Likelihood vortio +est:

Under H -

° .

Mhe!oy- ”ﬁ :

¥.27

chr- Sgue ved criterion

su€€icrent

-d ﬂh(./l-) =

nfan |21+ ] - h/»'s;]

nfonf @iy’ z)-e]
5
+his s gevro

‘n{fnlttl'f'q:, —Zn/ﬁf

s ]

d.f.

"

‘é‘[(ﬂ-m)‘-f’-m]

Bartlett correction: ReJ‘e<+ Ha it

[TL ’+
"—
n

> X* [ ce-my?-
Must have
m < ';"(ZP-H

(n - JP+'-Im .S‘

P-m],x

‘\’QP“) for pesihve d.f.
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) ‘ d‘F. t
Determination of | Likelihood ratio Fest+ |

u H, U H : . _ d
wdevr A ) HO * prp = LPXM LPXM M %PXP
Estimate P wmeans A }
P(gir 1) elements of s d-'aaoha ]
. ‘ matrix
Undevr Mg ¢ ‘}"enc’s +o Sug;fS'/‘ 4oo many
ES"';‘M‘\""Q P meang j ‘F&Cf'ors C M values Fhat are Yoo
| Io.rge)
g = LL + VY |
/ T e dragonal * Non=normality
mP elemn;&s in b e le ments A oufh'er:
} s nNon -Iinearf‘/'y
these a.re sSubject +o %—Lﬂ
\ | . lated
congtra ints given by L'$L= dr:J{;::f correlated measurement
errors
| P(P+)) _[ - ""__('"")} |
df - (P + —T] P"‘MP"'P 2 | COV’S\'CIQV‘ AlC or SBC values

= [ (p-m)? -p- ""]

¢.3 | 32




Kaiser Measure of Sampling Tucker and Llews

Ade guacy ( Psychometrika, qu;w'ms)_ Reliability Coef€icrent
(KN'SCV tRice, EQ.t P’Yd' Meas. H')‘(, ‘?:') '“'“7) (F h | .
syc or-u.'f‘h kd) 1993, ig) I-oo)
2g | |
MSA = I - =L " From wm.2. e. method, compute

22 ik

JEk 7

an estiviate of Cactor

: loading g
= correlation between +he

i-th and k-th vevriables . 7 . "~
, ‘I’:"-'-' dlaj(r\"‘L_‘L'

A partial correlation betweet .

ok +he j-th and k-th veariables A -/z Py~ b
controlling €er all other Gm (R- ... M)Y:“
vovriobles in the analysis |

Guide lineg : for +he wodel with ™M factors |

1 € MSA excellent data | ' .

«8 < MSA < .9 Very gaod | Sm,'- is called a Par+o‘a,
d correlation ” between

+7< MSA <£.8 g 00 ‘ | Varisbles X: omd X

.6 ¢ MSA < .7 mediocre . 8

.S ¢ MSA ; 6 miserable Con-l'_rollmj for +he

MSA <. S una<gg.p‘iz~§I€ M  Commagn ‘Fa<-l-or;

¥ 33 ¢ 34




0N

Suv of siuarcé ,ocr-h‘al

correlations ¥ between varvebles

Con‘l’ro”inj ‘or ™ Commoen

fo.ctors -

F, = 55 9my;

£ . .
"J
Mean Sguave:

Mm = Fm /J‘FM

where
mm

Jd€ = -zL[(P-M)a-P'M]

ore +‘hae €. for +he
loa- Iikel heod rotie t+es+ of

Heo: m™M factorr are sufficrent

Y35

Mean sgaare for wodel

wi'th 2€eYo Commaen "Fo.c.-hrs‘.'

»Th-e\n ¢ = R an d

M, = if r.j)/ df,

where

0 2

are dJd. €.  Lor +es-l-~‘na +hat
oll Ccorrelatrons ave Zero,

RQ Ve b\' l|+7 Coe 'F';l‘CI‘Q n '/'

@ Mo = M,
™ Mo = =
™
where 2p+S 2m

n, = (H-l)" y 3

IS a Bartlert correctron foactoy
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Cornbach’s Alpha

X,
A set of observe items :
| X

That “W:-QaSuTQ “ e Sama latent
+rait  sheuld all  have high

Positive correlations

DQ(:"Q ‘ -
1 TE (X, X)

— P(P-1)/2 rej

r =
L £ v(x;)
P

= £ £ Sy

P=l .z S"

¥,37

Corn bach ‘s A lpha. ;

= PV
I+ (P-1) ¥
A= 0 ' € r <o
o= | ' € r=\
W hen +he oma‘ysr; s

QIONQJ be

Sure theat all

Scales orientated in

Gre

the Same c‘l'r‘ec'l'fon) so

oll  correlations

PesSitive,

are
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Rationa ( :

X,
Meosure p 1tems X=|:
Xp
Su,:pose each of the p \Fewms
hes o high positive correlation
with & latent +rait

Then each Hrot+ will have a

high pesitive Correlation with

P
X.

- )
1=

V;Y(ZX)‘ ZVM(X)*JEZC"V(u J)
¢ ! 1<y

' I(J

.39

= VM(X)+22£(’ Jv..(x;v.r(x)

then

Var (zx ) = zVar(X) + 23¢ JVav(’()Var(x)

TR l(J

ZS \jvlm(x) JVo.v(x)

'0

[zr“]

= P-z ,'G‘Y' Sh”J“V‘J"?QJ
V«h-abl.es) V&P(x‘-):'

’.‘F P.-J- s ' 6r al) |'{J‘

This s the maximum value €or Var(ex.)
3

Also

. |
_ZV«r(X;)I =P for standardized

varia bles

8,96




In the extreme case where

.. =1 Cr all 7%y
2 Var(X ) - g 1
V&v(fx;) P‘ P
and
L [ | - Z Var(x;) ]
X = P-1 Va\'(fx,)

Note “+that:
ZVar(X")
A= ,;'.:,‘ | —
V«v(.fx,')
—— - CoT
- °r — where v = ——=
""(P")r Var

&4

Focter Ro +ation :
T

MXrm

(TT’/= 7T -1,..).

Let be an ar‘Hw;,ono.l

matrix

Them 3 an O?'f‘"’\oéoha , 'l'ranr-érma'h‘ow

of the ‘Fac*fo\" ’oadx'n; ma+rix 'S
-~ %
LPXm nxm = Lme
and +he clec.ompasi-l-;‘oh of the
Covariance matrix s
A Ay L) - ,‘\I A
LL +% = LTTL + W%
- Ax fox\’/ ‘ -\
= (@)’ + ¥
Es'l'u‘ma‘f‘eé specific variances amd

Wrmmunalitieg hot altered by

or‘H\oacma./ +rcm$ﬁnrma+n‘0h§ of L.

are

¥.92




The vavrimax critevrion :

DQGI‘VLQ, ~ 5 Z »*
ﬁ,.d. - ;J. /”l"

t be tHa “Sca.'e:! ’ load\‘n) oF thae
i-th veriable on He j-th Cactor
after retatieon,

The Varimax p,rocedure
SQ'Q:-"‘S ‘Hu. or'H\c’oha.( ﬁ'ans-Formc\"‘fon
the + weximizes

_,_[ r..,a]

J—Z z(z

=i

V:

™ VariemeR

e 3 scaled Ioul{h,: for j-th fech

=
=4

variables with Smaller
' 'Gluenm.

$eo.lt'h} }"Ve s

Communalities Imeove

$.u3

of g’uares of ) )

The

Stock rmavKet exXomple
< wi= 2 factors )

Foctor 2 (waxin;um lrkelihood )
Lo "‘ F*
1%
P d
e
Z
0. = oy (]
——K\ —t —t
<\\ osg (-0 Foctor |
N
'0.5’ “r ‘\ .
N
J AN
\ rd
-0 4
‘S o
R
After votoation €ach of He p
|
vqn‘ublcs (o rreosured +ra.|"‘l-.s) Should ’}
heava o, ‘M‘a—k logdu‘n} o omly ;
one Yuctor, (77"‘5 is not alway ¢

possfble).

. 1Y




Varimex vrotation o€ m=a foctors
for e shek mariket exowmple;
Cwmaximum |kelihood method )
m. 2. e’s Voari may
/ rotation
Veriable F' F’. 5! '_:x‘
Allied Chaem. S .

* | -°¥ 1 60,33
DMPOV\"' '59 'sa o?so ol@‘ ; .
Unyon Carbide| <68 28 o4 . 3Y
Exxomn .62 ~-.01 .36 S
Texeco .9 =, 4Y 21 . 88

— Tt ;zneml market facter

was clesf-royed by e
ro totion (it s possible
to [krep Soma  fucters Crxed
whila vo f-a.-‘l-c‘r\a,)

relathonship +ov  pattern of correlations

.4y

GQuavrtimax

critevrion :

Scale d loadn‘ngs;

AR
2.‘5 - ,e,.'\).

N

wher e h.

SQ'QC‘I' an

Crotation) of +he

moximize

o=+ 2|

/b,

44!

-
-
-

3=t

IoaJ“nas

J

2 2

I o:)‘

Qr'ﬂmg onel Fransformation

+o

[ ] ~*2 2
[ 73]
J=t 9

3~

596




Quartimax rotation of m=2

foctors for the stock rveturns
date ( mastimum likeliheed mc'HmJ)

Objective s :

(1) Each of +the P Vvariables
Cor +raits) Shewl!ld heave

Quortivrox

o fairly Hn‘ah Ioad.‘n; on m.Le’s retehion

the Same foctor Variable F, Fa F R
ﬁ',“QJ C‘lﬂ"- .68 A9 -7’ 0S5

@) FEach variable C(or +rait)  Dupent .69 .$2 .83 -.26
Sheuwld have a high loading unien Grbide| .02 Ky - 12 -.ol

onh ot mos+r one other E xxXen 62 -07 | .56 - 27
foctor énd near BEvro Texaco <179  -.4yy .60 -68

loo.cl:nas on remern ing

€octors,

§.47 , g 78




PROMAX METHOD: | (step 3)

An “obl.‘j.ueu or hon-ovﬂornd
Hrons Gor mation

(Sfepl) First do the vaviwmay

rototion +o obtain +the
load ings L*

P x

(step 2 ) Construct another pPxw

motrix Q whera
| k-1
Z".' = 2‘ * 2 n
J | " L e&”“(ﬁ@p 4 )
= 0O L?:e ‘

(k" is chosen by +riel and
error | wswally K <4 )

&, 11

Find a wmatrix U  such
Hthet  each column ot L*u

1S close Yo +the Correspending

Colaumn of QR -

C‘wose tHae J-f‘r Co'umh of

U +o minimige
(.3."5 ) L*g.s‘)/(_?o' -L*%J)

T’))‘S y{eHs
us )

Rescale W 0 “Frens forwed

o.cfore have wnit+ vavriesnce

n* = 4"‘:[( u’u)"]

M= un

5, 50




PRo MA X +ransformation .YI.Q KHe

Fo.ctor | Feocteor 2
focteores with loads‘has
RAlliad Chem .56 .24
P *
L = L M O“POW* .90 -'08
7 Union Corbide 62 g
Also, |
é - (M,M)_' Exxon .26 e
- . T-e'x.,g.o -, 0 & .q:
1S The correlation rmatrix
or the new factors
| Co +o + 3
L¥F = L*MM"E - LPfP rrefotion  between Cactors i3
~~ | I
_ 0.49
D |

Vew(fp>= Var (M7'E)

M Var (E) (™)
M= T (M)
(r17m)”

"

¥.51 s




The green  axes Gcorrespond
4+ ow o’a‘,s‘i.v.-z rotatron,
misuse o\g e Qord
¥.53

estrmatron

of fJ.

Estimeation of Factor Scores :
(?"(*’. -4)&. = Lo EJ P s,
Lf 1this wmoedel s correct

Var (g;) = ¥ = [*' }
'*P
Weugkfl’eé least sguares

Fro= (L) Uiy #) |

= (i’

FL) L (x,

-X)

g S




Ordinary (unwe g hted) least

Sguares estimation s Somefimecs

when €oactor
obtained Lrovm the
component methed

used loadings are
principal
( since
tend o

near'y szxul) " e, g‘:-‘-’—"‘é 4;;)

be

specific variances

mor R

F.o= (L’0)7'L/(x; -X)
J .

(L 2/, oy ]
= £, (,’.(J' -X)

-
e
S -

M0y

- (13—2)}

2
“~ M

¥.5¢

/3.

3

A
g,

=
"

]

]

¢ ]
. - s o6 '
8 ]

[ vz

Riirf sSton Methed :

Consider the J‘oin*)- distri bution
of (X; -) £

-~

and

Assume multivariate Normality f
as in the maximum [ilke [Theod [
approach +o fuctor analysis, I
X -
~J
~ o
{ F. M-rm (~ ) \/)
where , ]
B LL +4% ;| |
Imauv!

1€ the m fuctor Wtoc'él 'S cCorrect: |

§ 5¢




Obtain the conditional mean of
. X .
=9

E(E | X-u)
= L (e ) (x-u)

given M= <?~<j - )

X.

~J

Use Fthe QS‘H\M«'&J conditronal
Mean vector as the estimmate
of tThe <Ffactor Scorec
A "/ A'\l -—
Foo= LI(CT %) (x-%)
To reduce bhed effects of an |
incorrect chorca of M  replace
~N - —,
T+ ¢ wirh st JZ.Q( -X Xx.-%)
+v ob'f«j\u

A ~Y/ -]

F=1 (x, -X)

.87

‘ES'H mated

foctor Scwores v stock
market exomple ( moximumw Iikeliheod
Solutren ) M=2, varimax feﬁ*a‘on)
( Rearess{on es - rma 'I-ei)
3 L p— R | —
2 : <
1 : s 1]' ..‘_ . 4
'S “::..':. ch-a .
o I.o- '..,»a - -
N | - .‘-'o.i . * *
% -2 - ‘q. e
l -3 I i [ I— _J
-3 2 -l o , a3 3
Recell fq. ~ NID (o, Im..)
~ Cheek Cov euwtirers
—  muwltiveriate normal.-‘#;

univevrivea te

for the | Cecter

( (frcular Cbn"-ouy-g )

tests of normels f);

SCevres
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