Stat 501 Homework 1 Solutions Spring 2005

1. (a) |Z| :)\1)\2)\3:144
(b) trace(>’) = A1+ A2+ A3 =20
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by definition, the eigenvector ¢ has the properties Y e = A > e and
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(g) Let p= (111, 2, p13) denote the mean vector for X.

Then )
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(h) yy = T'X)(I'X) = X (I')T'X = XTI'X = X X because I' is an orthogonal

matrix, that is, IT =TT = 1.



(i) i Yes, use result 2A.9.(e) on page 97 of the text and |I| = 1. Then, [} | =

T2 x Tl = T2 x T = [T 2 [ = DT 22 [ = HI[ 2« |- This makes
intuitive sense because |}, | and |} y | are proportional to the square of the
volume of the same ellipse. Rotations do not change volume.

ii. Yes, use result 2A.12.(c) on page 98 of the text. Then
trace(y_,) = trace(I" 3 T) = trace(TT" Y. ) = trace(I Y. ) = trace(3. ).

iii. No, )y is a diagonal matrix for any ) regardless of whether or not »_  is a
diagonal matrix.

iv. Yes, note that I') I is the spectral decomposition of > x- Then, Y =
’ 71 71 ’7 ’7 ’ 71 ’7 ’7 71 ’7
Pl 2 x Ty Dand I 3o =T (T, INI' = (D) 3, (I'T) =

Iy I=3%5"
Consequently,
(X—uy)/ VY —p )= (r/g—r/gx)/r’ z;(lr(r/)g_r’gx)
= [M(X - gX)]'F/ Yx T (X - gX)]
=X —p )@ T ELTI(X —p )
X X
=(X—p )@ ATNX —p )
X
—(X—p VYK —p )
X X
v. Yes,
Y—p)y-p) = OX-Tp )@X-Tpu)
Y Y X X
= PX—p )T &X—p )
X X
= X—p )T)TX=p)
X X
= X=—p )X —p)
X X

because I'T" = | Hence, both Euclidean distance and Mahalanobis distance are
invariant to rotations.
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= theap [ BI(222)% + Z(222) (220 + (257107
(b) A\ =7+ V13 =10.6056, \y = 7 — /13 = 3.3944,

_[ oa4m9] _ _[os817
~ | —0.8817 |'S T | 04719
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(c) |>°1=236, trace(d>]) =14

(d) The ellipse given by
L

36

(e) X%2)0.5‘/)‘1 = 3.83
X205V A2 = 2.17

[9(1 —2)* 4+ 6(21 — 2) (w2 — 1) + 5(x2 — 1)*] = x{).50 = 1.386

v

() area = mx(y 50l 2112 = (7)(1.39)(6) = 27.95
(8) area = mx(y o5l X ['/? = (m)(5.99)(6) = 112.91

o[ 1] [ 2]

4. (a) (i),(v) display independent pairs of random variables, you simply have to check if the
covariance is zero in each case.
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(¢) A bivariate normal distribution with mean vector

R + { K ] 2] (X5 +1) = { (—%31—4)}

and covariance matrix
4 0 -1 1 720
R I ENSIIE
(d) p12 =0 and p12.3=0

(e) Since X5 are independent to [ ;l },
3
X2|l‘1,l‘3 ~ N(]., 5)

5. (a) Zy ~ N(—26,77)

o z)=13 0 sy B] % 8])

(¢) A bivariate normal distribution with mean vector
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and covariance matrix

=[2 5[ i ¥ ] =% 5]

5/2

_ _ 5 _
(d) P14.23 = \/W =7 0.714

6. (a) cou(X — Y, X +Y) = coo(X,X) +coo(X,Y) — cov(X,Y) — cov(Y,Y)

“Ti-Te=| 4 o

(b) No, because cov(X —Y,X +Y) is not a matrix of zeros.



(c) Start with the fact that X and Y are independent. Then from result 4.5(c) on page
160 of the text,

2 8 -2 0 0
X x|l -2 4.0 0
Y 31 0 0 4 2
4 0 0 2 4
then from result 4.3 on page 157 of the text
X-Y I -1 X
X+Y =[1 I] Y
~1 12 0 4 —4
2 0 8 —4 0
~ N 517 4 -4 12 0
10 -4 0 0 8

(a) d(p,q) for any A. d(p,q) = [(g,g)/A(g,g)]1/2 > 0 for any (p — q) if A is positive
definite and it always true that d(p,p) = 0. Now we only have to consider property
(iv). It easy to show that (iv) is true when A is both positive definite and symmetric.

Then, the spectral decomposition matrix A = IAT", exists, where A is a diagonal
matrix containing the eigenvalues for A and the columns of I" are the corresponding

Jn

eigenvector. Then, A2 =T o I'is also symmetric and positive
o

definite and A'/2A'/2 = A. Define d = AY/?(r —q) and @' = (p — 1) A2

Use the Cauchy-Schwarz inequality (page 80 in the text) to show that

(p—1)Alr—q)* = (ad)?

~ A

< (da)(dd)
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Then,
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(dp, D) + [d(r, @ + 2d(p, 1)d(1, )
= [d(p,r) +d(r,9))?

Hence, (iv) is established for any positive definite symmetric matrix A.

Show that (iv) holds for any positive definite matrix A,
note that [d(p, q)]? = (p — q)/A(p — q) is a scalar, so it is equal to its transpose.

Hence, (p—¢) Alp—q) =[(p—9) Ap—9) = (p—9) A (p—q)
Then,

/

g = 3|00 Aw-0)+ @~ Ap-g)

A ~ A

~ A A

= @—qY[gA+AU}@_q)

satisfies (iv) by the previous argument because 3(A + A') is symmetric and positive
definite. Consequently, A dose not have to be symmetric, but it must be positive
definite for (p — q) A(p — q) to satisfy properties (i)-(iv) of a distance measure. If A

was not positive definite, p — ¢ # 0 would exist for which (p — q)/A(p —¢q) =0 and

this would violate condition (ii).

Simply apply the triangle inequality to each component of (p — q), i.e.,

A

d(p,q)

maz(|p1 — q1; [p2 — gal)

max(lpr —r1 + 711 — 1], [p2 —r2 + 12 — @2|)
max(pr — ri| + [r1 — 1], [p2 — 72| + |r2 — q2|)
max(|p1 — r1| + maz(|r1 — a1, [r2 — ¢2|),

lp2 = r2 + maz(|r1 — a1, [r2 — g2))

< max(lpr — 1), [p2 — r2|) + maz(|r1 — a1, [r2 — g2])
= d(p,r)+d(r,q)
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ii.

Irxr O7"><q Irxr O7"><q
B Iqu -B Iqu

— Ir><r 70T><qu><T Irxrorxq+0rxq1qxq
BqX’l“ITXT *IquBqu qurorxq+IquIqu

_ [ Ir><7' O'r'><q

Ogxr  Igxq ] B I(T+Q)X(T+Q)

(b) The determinant of a block triangle matrix can be obtained by simply multiplying
the determinants of the diagonal blocks. Consequently,

1 B
qoxq JA = |Iqxq||Irx7'| =1
and
Lo 0
g Iqu = |I7'><7“||Iqxq| =1

To formly prove the latter case, start with the martix with ¢ = 1 and expand across
the first row to compute the determinant. The determinant of each minor in the
expansion is multiplied by zero, except for the determinant of the r x r identity
matrix which is multiplied by one. Cosequently, the determinant is one. Using an
inductive proof, assume the result is true for any q and use a similar expansion acroos
the first row to show that it is also true when the upper left block has dimesion q+1.
(C) Iq><q _A12A2_21 :| |: All A12 :| |: Iq_>iq qur :|
Ay Ago —As Aot Irxr
[ IyxgAi1 — A1 Asy Ay IyqgAio — A1p Ay Ago } [ Iyxq Ogxr
o L O'r'><qul + Ir><7'A21 Orqu12 + I7'><7“A22 _A521A21 Ir><7'

[ All *A12A2_21A21 0 :| [ Iq><q Oq><7' :|

Orxq I7'><r

| Aoy Az —AytAgy Ly
_ [ Ay — A As) Agy Ogxr ]
L Orxq A22

(d) from 8(c),

Ay — A Ayt Ay Ogxr
Orxq A22

LHS = |Ag||A11 — A12A§21A21| for |Ags| #0

_ Iyxq *A12A2_21 Al A
Az1 Az

‘ Iqxq Ogxr

Orxq Ir><r A2_21A21 Ir><r

RHS =1x |A| x 1 =|A]| from 8(b).

HGHCG, |A| = |A11 - A12A§21A21| for |A22| 7& 0



(e) Take inverse on both sides of 8(c), then

A1 — A2 Ay As1 Ogser 71: Iyxg —A12Ay A A I;xq Ogxr -
Orxq A22 Orxq Ir><r A21 A22 *A2_21A21 ITX’I“

_ Iq><q *A12A2721 - All A12 ! Iqxq qur !
Orxq ITX’I“ A21 A22 *A2721A21 ITX’I“

then we easily get

_ _ -1
A71 _ |: Iq><q _A12A221 :| |: All _A12A221A21 Oq><7' :| |: Iq><q qur :|
Orxq I7'><r O7'><q A22 _A2_21A21 I7'><r

from result of 8(a), we know that

{ Iqxq _1412142_21 ]

-1
Iqxq Ogxr
Orxq Ir><r

N |: *A2_21A21 Irxr
[ Iyxq Ogxr ] — [ Igxq *A12A2721 ]1

A g Loy Orxg  Losr
2 S NS
9. Define X=| .1 — | ™ _ 11 12 )
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F5(0) = rbyenn | -4 - w0 £ - )]
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Expand the quadratic form
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()“(1 - /jl) — 212 22721(-2(2 - HQ)
(X *gQ)

=X, 1) = e (X, — ) (Cn ~ T X Xon) ™
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If X and X are uncorrelated, then fx |x,—, (z )= fx (z )
1 2 ~ , 1 ~

Therefore, fx|.(z) = fx (z )fx (z ) imply X and X are independent.
~ ~TT R, 1 2

The review of properties for partitioned matrices in problem 8 was done to give you the
tools to factor the density for a multivariate normal distribution as a product of a marginal
density and a conditional density. You may find some of these martix properties to be useful
in future work.



