
STA 4322-STA 5325 Exam 1

March 24, 2022

Student’s name:

Book: yes no

Notes: yes no

This is a show your work, 300 points, 70 minute exam, partially covering Chapters 5, 6 and 9 from your

textbook and additional material taught this semester. There is a deduction of15% from your score if

you use your notes or your book, and of25% if you use them both. A sheet of paper with formulas and

theorems, with no hints for solutions, written on both sidesis Ok. No computer access is allowed. All

your answers have to be fully justified, based on definitions and theorems from the book or class notes.

Good luck!

EXERCISE 1. (40 points) AssumeX = (X1, . . . ,X6)
T = X1e1 + · · · +X6e6 is a multinomial trial,

where, forj = 1, . . . , 6 Xj ∈ {0, 1},
∑

6

i=1
Xi = 1, and the coordinateθj of the vector parameter

θ = (θ1, . . . , θ6), is the probability forX = ej. What is the parameter spaceΘ, of all possible values of

θ, for this multinomial trial? What are the mean vectorE(X) and the covariance matrixΣ = Cov(X)?

EXERCISE 2. (30 points) AssumeX1, . . . ,Xn are i.i.d.r.v.’s from a normal distribution with meanµ

and varianceµ2. Find a two dimensional sufficient statistic forθ = (µ, µ2).

EXERCISE 3. (30 points) AssumeX1,X2, . . . is a sequence of i.i.d.r.v.’s from a BernoulliB(1, 0.5)

distribution. What is the limiting distribution ofn[X̄n(1− X̄n)−
1

4
] as the sample sizen goes to∞ ?
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EXERCISE 4. (a) (20 points) How are related the notions of i.i.d.r.v.’s and random sample from a

probability distributionQ? (b)(40 points) Given i.i.d.r.v.’sX1, . . . ,Xn from a N (µ, σ2) distribution,

what is the joint density function of̂θ = (X̄n, S
2
n) as an estimator ofθ = (µ, σ2) ∈ R × (0,∞), where

X̄n is the sample mean andS2
n = 1

n−1

∑n
i=1

(Xi − X̄n)
2 ?

EXERCISE 5. (a)(20 points). Give an example of an interval estimate forµ at confidence level1 − α,

that is not symmetric about̄xn, the sample mean of a random samplex1, . . . , xn of sizen fromN (µ, 1).

(b)(30 points). Give an example of an interval estimate at confidence level1 − α for σ2 based on a

random samplex1, . . . , xn fromN (µ, σ2).

EXERCISE 6. (50 points) Derive a1−α confidence level interval for the differenceδ = µ1−µ2 of the

means of two independent populationsN (µa, σ
2), a = 1, 2, having the same unknown variance, based

on the random samplesxa,1, . . . , xa,na
, a = 1, 2 from these populations.

EXERCISE 7. (40 points) AssumeX1, . . . ,Xn are i.i.d.r.v.’s from a normal distribution with meanµ

and variance1. A confidence interval forµ at level1− α is (X̄n −
zα

2√

n
, X̄n +

zα

2√

n
), wherezα

2

is defined

by the propertyPr(Z ≥ zα

2

) = 1 − α
2
, with Z having a standard normal distribution. Letp denote the

probability that an additional independent random observation Xn+1 having the distributionN (µ, 1)

will fall in this interval. Isp greater than,, less than, or equal to1− α? Prove your answer.
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