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A novel point process model for
neuronal spike trains

Yijia Ma and Wei Wu*

Department of Statistic, Florida State University, Tallahassee, FL, United States

Point process provides a mathematical framework for characterizing neuronal
spiking activities. Classical point process methods often focus on the conditional
intensity function, which describes the likelihood at any time point given its
spiking history. However, these models do not describe the central tendency or
importance of the spike train observations. Based on the recent development
on the notion of center-outward rank for point process, we propose a new
modeling framework on spike train data. The new likelihood of a spike train is a
product of the marginal probability on the number of spikes and the probability
of spike timings conditioned on the same number. In particular, the conditioned
distribution is calculated by adopting the well-known Isometric Log-Ratio
transformation. We systematically compare the new likelihood with the state-
of-the-art point process likelihoods in terms of ranking, outlier detection, and
classification using simulations and real spike train data. This new framework
can effectively identify templates as well as outliers in spike train data. It also
provides a reasonable model, and the parameters can be efficiently estimated
with conventional maximum likelihood methods. It is found that the proposed
likelihood provides an appropriate ranking on the spike train observations,
effectively detects outliers, and accurately conducts classification tasks in the
given data.

KEYWORDS

point process model, spike train, rank-based likelihood, Isometric Log-Ratio
transformation, outlier detection

1 Introduction

Spike trains are a representation of the neuronal activity that encodes information
about the temporal structure of stimuli or behaviors. Classical methods for modeling spike
train data can be broadly classified into two categories: binned methods and temporal point
process methods. Binned methods, such as the peri-stimulus time histogram (PSTH) [1]
and the spike density function (SDF) [2], involve dividing the spike train data into fixed
time bins and counting the number of spikes in each bin. These methods are sensitive to
the choice of bin size and may not capture temporal details.

On the other hand, temporal point process methods model the spike train
as a series of discrete events in a continuous time domain [3, 4], which can
capture intricate temporal details and provide an accurate representation of the
spike train data. Most temporal point process methods are based on a conditional
probabilistic representation at each time, which naturally yields a likelihood for each
observation. Assuming a spike train (¢1,---,t,) on [0,T) with a given T > 0 and
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its conditional intensity function of A*(¢), its likelihood function is
given as

L= |”| A Xp TA d 1
— * ti _ * )
i=1 ( ) ¢ < /0 (S) S) ( )

This likelihood function is critically important for model
estimation and other statistical inferences. However, the likelihood
may not properly indicate the importance, or centrality, for a
given sample. For example, for a homogeneous Poisson process
where 1*(t) equals a constant A, the likelihood in Equation (1)
-,tp) on [0,T) is L =
This likelihood is a constant for all spike trains with n spikes,

of the point pattern (i, - - e T,
regardless of their temporal locations. Intuitively, we may think
a spike train with evenly distributed spikes may be centrally
important for the homogeneous pattern, whereas this cannot be
well captured with the above likelihood function. Moreover, for
an inhomogeneous Poisson process with a deterministic intensity
function in Equation (1), one can easily find that spike trains
with spikes concentrated in areas of high intensity will have a
higher likelihood, whereas these observations may not properly
represent the spike train’s temporal characteristics. Additionally,
this likelihood function is not able to properly identify atypical
observations or outliers.

To address these issues, we propose a new, rank-based
likelihood framework for modeling the spike train data. Our
framework is motivated by recent developments in center-outward
ranks on point process [5-7]. Our proposed model describes the
likelihood of a spike train as the product of two terms. The first term
represents the marginal probability of the number of spikes, and
the second term represents the conditional probability of the spike
timings given this number. The conditional likelihood is based
on the well-known Isometric Log-Ratio (ILR) transformation [8],
which maps spike data in a fixed time interval to an unconstrained
Euclidean space for mathematical rigorousness and efficiency.

The rest of this manuscript is organized as follows: In Section
2, we will provide the details of the new likelihood for the
homogeneous Poisson process. We will then extend it into general
point processes via the Time Rescaling method and demonstrate
the advantages of the proposed rank-based likelihood. In Section
3, we will apply the new likelihood to a real world dataset to
demonstrate its effectiveness in characterizing typical patterns.
Finally, we will summarize our study and provide future work in
Section 4.

2 Methods

In our new likelihood, we will utilize the conditional density of
the spike train point process in a simplex domain [9]. We will at
first provide the basic framework.

2.1 Conditional densities for homogeneous
Poisson process in the simplex space

For a given spike train s = (s1,52,- - - , 5) in the time domain

[0,T], denote sy = 0 and sy = T. Using the notion of
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the inter-spike intervals (ISI), this point process sequence can be
equivalently represented as a vector u = (uy,uz,--- ,Upp1)’ =
(51— 50,52 — S1> -+ »Skq1 — Sk)T
operation. This ISI vector is in a simplex S¥t! in R*!, where
Skt — {u = (U1, un, -~ ,ukH)Tl Zf-cill u = T,u; > 0,i =
Lo k+1}.

By applying the Isometric LogRatio (ILR) transformation

, where T indicates the transpose

[10], the ISI vector is mapped from the simplex S¥*! to an
unconstrained Euclidean space RX. Specifically, for any u =
(U g, upyr)’ € SKF,

Ui
gw)’

Uk )T

u* =ilr(u) = W - (log g ro)

Uz
log—,---,lo
8(u)
where g(u) is the geometric mean of u, and ¥ € Rkx(k+1)
represents the ILR transform matrix. This matrix satisfies two
- 1
conditions: 1) WWT = Ij, and 2) WTW = I, — mlkﬂlzﬂ,
where I € R is the identity matrix and 14 is a column vector
of ones in R¥*!, We point out that this transformation is a bijection
between S¥1 and R¥, and its inverse takes the following form:

exp (u*T\IJ)T

=ilr ) = T— .
u=ilr""(u") xp@ T4,

In this section, we will focus on the distribution of u* € Rk
from spike trains following a homogeneous Poisson process (HPP).
As pointed out in Qi et al. [6], given the cardinality k, the ISI of
an HPP is uniformly distributed on the simplex space S¥*! and
its density function has the form f,x(ulk) = % By applying the
change-of-variable technique, the density function of #* can be
written as follows:

Ck

. ,
];J:f} e2i=1 4 Wip k1

Jur k(™ |k) = ( 2

where ¢ is the normalizing constant for the density.

It was shown in Zhou et al. [9] that the conditional density
function in Equation (2) owns important and desirable properties:
(1) the density is log-concave and uni-modal, and (2) the density
has a symmetry with respect to the origin in a simplex. These
properties make this density analogous to a multivariate normal
distribution, which is ideal for a center-outward rank on the
observed data. Our new rank-based model on the point process will
be based on this conditional density function.

2.2 Rank-based likelihood on
homogeneous Poisson process

In this subsection, we will formally define the joint likelihood of
the ILR-transformed ISI for an HPP. This new likelihood is referred
to as the rank-based likelihood.

To compute the joint density function of the ILR-transformed
homogeneous Poisson process, we can decompose it as a product of
the conditional density function and the marginal density function.
That is, for any given spike train s = (s1,s2,---,5x) in the time
domain [0, T], and #* € R¥ as the ILR transformation of the ISI of
s, the joint likelihood function of u* can be written as:

Jur W) = fur W |k) - P(ju"| = k). 3)
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By using the one-to-one mapping between the spike train s and
the ILR-transformed vector u*, the conditional density function

in Equation (2) can be re-described using s as: fy«x(u*|k) =

Ck k+1
Th+1 i=1
addition, the spike train s and the ILR-transformed vector #* must
have the same cardinality. Hence P(|u*| = k) = P(|s| = k), which

is the probability of observing k events in the original HPP space.

(si — s,‘,l) (see detailed derivation in Zhou et al. [9]). In

It is well known that in an HPP with constant rate A, the number
of events in any interval of length T would be a Poisson random
variable with mean AT, and then the probability of this HPP has k
eventsis P(|s| = k) = eﬂ“kﬂ Therefore, the likelihood of u* can

be expressed as:

Jur (W) = fyr i W*|k) - P(Is| = k)
k+1 —AT k
Ck e (AT) (4)
= Tk+1 1_[ (Si —_ ijl)T.
i=1

In this paper, we call this likelihood as the rank-based likelihood

of the original spike train s. Its formal definition is given as follows:

Definition 2.1. Let s =
homogeneous Poisson process on [0, T] with constant rate & > 0.
Denote sp = 0 and sp; = T. Then the rank-based likelihood of s is
defined as:

(s1,52,- -+ ,s¢) be a realization of a

k+1 AT k
Ck e (AT)
L(s) = Tt | 1| (51‘ _Si—l)ik! , (5)
i=

where ¢ is the normalizing constant given in Equation (2).

As opposed to the traditional likelihood of a spike train in a
homogeneous Poisson process where the number of events is the
only factor considered, the temporal distribution of the events plays
a crucial role in determining the rank-based likelihood of the spike
train.

For each given cardinality k, it is easy to see that the likelihood
can attain its maximum value when the IST is a constant vector # =

(k-%l T, -, Wll T). In this case, all spike times are Wll T, ﬁ Ty,
and % T, which uniformly distribute on [0, T] and properly

indicate the homogeneous pattern in the data. This result shows
that the newly derived likelihood function can be used to rank a
homogeneous Poisson process in any given cardinality.

HPP Outlier Detection: For
homogeneous Poisson process, we will need to incorporate

outlier detection in a

both the cardinality and the distribution of events into the
identification. We can slightly modify the newly defined likelihood
calculation by normalizing the conditional density by its maximum
value within each respective cardinality. This modified likelihood
function on a process s with k events is given by:

_ k 4+ 1)k+1 KEL —ATyk
L(s) = % 1_[ <5i - Si—1>eT- (6)
i=1 ’

2.3 Extension to general point process
In this subsection, we will extend the rank-based likelihood for

homogeneous Poisson process to general point process spike trains.
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In this paper, we propose to achieve this goal by transforming
the general point process into a homogeneous Poisson process
using the classical Time-Rescaling (TR) method [3]. The TR method
allows any point process to be transformed into a homogeneous
Poisson process as long as the conditional intensity function is
known (or can be estimated). Based on this method, we propose
to define the rank-based likelihood for a general point process
that utilizes such transformation. This definition allows for the
computation of the rank-based likelihood in a feasible way by
taking advantage of the simplified structure of the homogeneous
Poisson process. Our definition is formally given as follows:

Definition 2.2. Lets = (s1,52,- - -
point process on [0, T] with k time events. Denote s = 0 and

,s) be a realization of a general

Sk+1 = T. If the conditional intensity function A* is given and
the cumulative function A*(¢) = fot A*(uw)du,t € [0, T], then we
can transform s to A*(s) = (A*(s0), A*(s1),- -+, A*(sx41)) via the
time-rescaling transformation. Denote u* = (u], u}‘, S ,uZH)T
as the ILR transformation of the ISI u = (u1,up,--- ,ukH)T =
(A*(s1) = A*(s0), A*(52) = A*(51), -+ A*(s41)— A*(5)) - Then
the rank-based likelihood of s conditioned on its cardinality is
defined as:

k+1
Lol =k = oy [T = A%, @)
i=1

where ¢ is the normalizing constant given in Equation (2).

We point out that the above definition is only for the
conditional likelihood because a general form of the marginal
distribution on the number of events for a general point process
is not available. However, if we only focus on the center-outward
rank within the same cardinality, there is no need to calculate such
marginal likelihood.

One commonly used special case is the inhomogeneous Poisson
process (IPP). In this case, the conditional intensity is deterministic
and can be written as A*(t) = A(f). Let the cumulative intensity
A(t) = fot Mu) du,t € [0, T]. Then the number of events in [0, T]
follows a Poisson distribution with mean A(T). The probability of
this process having k events is given by P(|s| = k) = ‘fA(T)IgilA(T))k
Therefore, the likelihood of an inhomogeneous Poisson process s
with k spikes can be expressed as:

Ly(s) = furx(u*|k) - P(Is| = k)

k+1 —A(T) k (8)
o e ADA(T))
= (A(S1) - A(Sifl))i'

A(T)FH E k!

IPP outlier detection: Similar to the HPP case, for outlier
detection in an IPP, we also need to incorporate both the cardinality
and the distribution of events into the identification. This is done
by normalizing the conditional density with its maximum value for
each cardinality. The modified likelihood function for a process s
with k events is given by:

- (k+ 1)k+1 k+1 < )efA(T)
L) = ———— A(si) — Alsi—1) ) ——- )
A(T) ’1] k!
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Comparisons of proposed and likelihoods in the ranking of Poisson process. (A) HPP K=4. (B) HPP across K. (C) IPP K=12. (D) IPP across K.

FIGURE 2

proposed likelihood.
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Real experimental data, where the top panels are for Cell 1, and the bottom ones are for Cell 2. (A) 10 example spike trains generated from each type
of arm movement, with four distinct colors (blue, red, green, and cyan) representing four types of arm movements and associated spiking activities.
Each thin vertical line indicates the time of a spike, and one row is for one trail; (B) Estimated intensity function; (C) Identified outliers using the

2.4 lllustrations

In this section, we will illustrate the usage of the proposed
likelihood for ranking and outlier detection in simulated spike
trains. We at first generate 5000 realizations on [0,1] from a
homogeneous Poisson process with a constant rate of 5. For
illustrative purposes, the ranking results with a cardinality of 4 are
shown in Figure 1. There are three rows in this panel: the first row
shows the constant intensity, and the second and third rows show
observations with top and bottom 5 likelihoods in Equation (5). It
is apparent that the spikes in the top observations are uniformly

Frontiersin Applied Mathematics and Statistics

distributed, indicating a typical homogeneous pattern, whereas
the spikes in the bottom observations appear outliers from the
homogeneity. We emphasize that such ranking cannot be obtained
with the classical likelihood method as all observations with
cardinality 4 will have equal likelihood values.

Based on Equation (6), we display the outliers (observations
with 5 lowest modified likelihood values) in the first row of
Figure 1B. These spike trains clearly do not exhibit a homogeneous
pattern. In contrast, we display spike trains with 5 lowest classical
likelihoods in the second row. These trains all have only 1 spike.
These single-spike trains properly address the outlier type on the

04 frontiersin.org
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number of events, whereas they cannot capture the outliers with
respect to the distribution of events.

We then generate 5,000 inhomogeneous Poisson process
realizations on [0,1] from the intensity function A(t) = 3e*
(exponentially increasing from 0 to 1), and the result for the
cardinality being 12 is shown in Figure 1C. There are also 3 rows
in this panel: the first row shows the intensity function, and the
second row shows observations with the top five new likelihoods
(left) in Equation (8) and classical likelihoods (right), respectively.
We can see that the top spike trains using the new likelihood
better represent intensity function than those using the classical
likelihood. The third row in the panel shows observations with the
bottom 5 new likelihoods (left) and classical likelihoods (right),
respectively. In this case, both outlier groups exhibit different
patterns from the intensity function.

We finally show the result across different cardinalities in the
same inhomogeneous Poisson process realizations. In Figure 1D,
we find the spike trains with top (upper row) and bottom (lower
row) 5 modified likelihood estimations using Equation (9). We can
also see that the typical spike trains (with high likelihoods) well
capture the variability in intensity function, and the outliers (with
low likelihoods) clearly exhibit discrepancy from the intensity.

3 Experimental results

In this section, we demonstrate the proposed new likelihood
in a real experimental recording in the motor cortex, previously
used in [11]. Spiking activity was recorded using a microelectrode
array in the arm area of the primary motor cortex in a Macaque
monkey. The monkey was trained to move a cursor to targets via
contralateral arm movements in the horizontal plane by conducting
a Squared-Path task. That is, in each trial, the monkey can start in
any of the four corners and move in a counterclockwise direction
to finish a square-shaped movement.

In each starting corner, the monkey conducted 60 trials of
movement, and we have 240 trials in total in 4 different classes.
10 example spike trains of 2 typical cells in each starting point are
shown in Figure 2 (left column). We take 20 trials in each class
as the training data. The intensity in each class of each cell can
be estimated via conventional kernel methods, and the result is
shown in Figure 2B (middle column). For evaluating classification
performance, we used the other 40 spike trains in each class as test
data. The classification accuracy using the conventional likelihood
method was 0.856 for Cell 1 and 0.831 for Cell 2. Using our
new likelihood method, we achieved classification accuracies of
0.806 for both Cell 1 and Cell 2, comparable to those of the
conventional likelihood. However, we employ the normalized rank-
based likelihood. We find one outlier spike in Classes 1 and 4
for Cell 1 and one outlier spike in Class 4 for Cell 2, as depicted
in Figure 2C (right column). After removing these outliers, we
conducted the classification again and found the accuracies
increased to 0.816 (Cell 1) and 0.811 (Cell 2), respectively. The
findings demonstrate that our newly proposed likelihood method
is effective in removing outliers, leading to an improvement in
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classification results when these outlier observations are excluded.
Such outlier detection analysis cannot be accomplished under
classical point process frameworks.

4 Discussion and future work

We have proposed a new rank-based likelihood that
successfully indicates the centrality for observed spike trains
for a given cardinality. Furthermore, we extend this rank-based
likelihood to incorporate the cardinality and distribution of spikes
to identify outliers. We have demonstrated the effectiveness of
the new framework using simulations and real spike trains under
the Poisson process assumption. In the future, we will extend this
framework to more practical history-dependent point processes,
such as a Hawks process. We will also explore the new method to
conduct more useful applications, such as clustering and robust
visualizations.
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